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1 Abstract

The mathematical model of mechanical systems can be obtained through con-
ventional methodologies as free body diagram, Lagrange equations, and elec-
tromechanical analogies, among others. These methodologies contemplate
the mechanical systems excited by force sources. However, the mechani-
cal systems can be excited by displacement sources too where conventional
methodologies fail or represent long-winded procedures.

A methodology to cope with mechanical systems excited by displacement
sources is introduced. This approach is based on the mechanical circuit
representation, a scheme that allows that exposes the interconnections and
interactions of the elements of the mechanical system. Some of the conven-
tional methodologies cannot apply when displacement sources are present.
If a comparison is established between the conventional methodologies that
can work with displacement sources, the methodology developed in this work
allows one to obtain the mathematical model of a system faster than using
them. The mechanical circuit approach let calculate the forces that would
provoke the displacement of each mechanical element in the system directly,
as will be shown later.

This thesis is distributed as follows. The research proposal is presented in
Section 2, where the bibliographic review of this work is reported. Fur-
thermore, in Section 2, the hypothesis, the objectives, and the methodology
employed in this project (research work) are presented.

Section 3 presents the scientific paper which was went to the journal “Math-
ematical and Computer Modelling of Dynamical Systems”, whose title is
“Linear Mechanical Systems with Displacement Sources: Mathematical Mod-
eling”. This paper establishes a methodology to obtain the mathematical
model of mechanical systems excited by displacement forces. The paper set-
tles the displacement and accelerations laws, proving two theorems and pro-
viding three case studies. The last part of this work includes some appendices
where concepts developed during this research are shown, these concepts are
the base of a methodology to obtain the mathematical model of mechanical
systems contemplating more elements and interconnections than the case re-
ported in the paper. The appendices show information research that can be
enlarged to be reported in a journal as future work. The appendices pro-
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vide the relations to convert from delta to wye mechanical interconnections
and vice versa, the representation of rotational mechanical elements in a cir-
cuit way, and the steps to get a mathematical model of systems with these
elements. In these appendices is presented how to obtain the equations of
motion of systems with super mechanical meshes and super mechanical nodes
and also, an example of the previous situation.
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2 Research proposal

2.1 Bibliographic review

As the objective of this project is to establish a methodology to obtain the
mathematical model of a dynamic system (specifically, of a mechanical sys-
tem), the next section provides information about what exactly a mathemat-
ical model is.

Once the mathematical modelling review is complete, it is relevant to men-
tion why a mathematical model is important and its use in the control area.

There are several methodologies to obtain the mathematical model of a me-
chanical system. These conventional methodologies need to be analysed in
order to compare their advantages and disadvantages. This analysis allows
to find an opportunity area for the development of a new methodology that
simplifies the process when a mechanical system evolves in general movement
(translational and rotational movement).

A different methodology for obtaining a mathematical model needs to cover
the aspects that conventional methodologies do not include. Some of these
conventional methodologies are, briefly, described below.

2.1.1 Theoretical framework

Modelling of mechanical systems

Mathematical modelling of a dynamic system, involves establishing the equa-
tions that describe its behaviour. The importance of modelling the behaviour
of a system has several applications. For instance, to simulate a plant be-
haviour under certain conditions and thus, to know in advance how it will
react to external signals. The mathematical modelling is essential to anal-
yse the operation of the system, and by the manipulation of certain variables
from its dynamic equations the system can be forced to behave in the desired
way, this is known as control.
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2.1.2 Conventional methods for mechanical systems modelling

This section presents some conventional methods used to obtain a mathe-
matical model of a mechanical system. Firstly, the free-body diagram, which
is based on the Newton’s second law, is addressed. Then, the grounded
chair method, where the configuration of the mechanical elements play an
important role to in obtaining the equations of motion, is discussed. Next,
the direct and indirect electromechanical analogies are described, specifying
the differences between them. Finally, the Lagrange equations and the bond
graph approach, that are based on the energy of the systems, are presented
and some aspects of the absolute motion analysis, that allows one to obtain
the mathematical model from the geometry of the mechanical system, are
discussed.

Free-body diagram

Isaac Newton’s second law establishes that the acceleration of a body is a
consequence of the action of a net force acting on it [5]. The forces acting
on a body are shown in a free-body diagram, they are added and equated to
the rate of change of its momentum [6].

Through this method it is possible to analyse a mechanical system in a gen-
eral way, omitting the internal forces effects between its components or taking
them into account and thus, obtaining the mathematical model of each of
its parts. However, in free-body diagrams the influence of some elements on
others is not always clarified.

Grounded chair

The aim of this method is to obtain the equations of motion according to
the configuration of the mechanical elements, that are part of the mechanical
system, either in a series or in a parallel interconnection. To visualize this
interconnection it is necessary to make a scheme where all the masses are
placed near to the ground [1].

To draw the mechanical system shown in Figure 1a in a grounded chair way,
the displacement x needs to be at the top of the diagram with the force
f acting on it, followed by the displacement y (see Figure 1b). Then, the
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mechanical elements are introduced according to the variables that describe
their movement (between x and the ground or between x and y) respecting
their series or parallel distribution (see Figure 1c). Observe that the displace-
ment receiving the external force action is located at the top of the diagram
(in this case, the x displacement).

Figure 1: a)Mechanical system, b) Descending displacements, c) Grounded
chair representation (modified from [1]).

One of the disadvantages of this method occurs when two or more external
forces affect the system since the number of calculations will increase accord-
ing to the number of forces.

Direct electrical analogy

The differential equation associated to a series resistor-inductor-capacitor
circuit excited by a voltage source or to a mass-spring-damper parallel lon-
gitudinal mechanical system perturbed by an external force, has the form
(1).

aq̈ + bq̇ + cq = E (1)

10



where, respectively, q represents the electric charge or the linear displacement,
a the inductance or the mass, b the electrical resistance or the damping con-
stant, c the reciprocal of the capacitance or the spring constant and E the
voltage source or the external force [1]. In this document, time derivatives
are denoted by dots (q̇ = dq/dt, q̈ = d2q/dt2, etc.).

The direct electromechanical analogy relates, from the energetic point of
view, similar forms of energies: it associates the kinetic energy of a mass
(speed) with the kinetic energy of an electric charge (electrical current). This
analogy associates electrical and mechanical impedances [7].

Indirect electrical analogy

The differential equation associated to a series resistor-inductor-capacitor
circuit excited by a voltage source or to a mass-spring-damper series longi-
tudinal mechanical system perturbed by an external force f , has the form
(2).

aẅ + bẇ + cw = P (2)

where, respectively, P represents the voltage or the acceleration, a the in-
ductance or the reciprocal of the spring constant, b the resistance or the
reciprocal of the damping constant, c the reciprocal of the capacitor or the
reciprocal of the mass and w the electric charge or the force [1].

The indirect electrical to mechanical analogy analogy receives that name due
to the fact that it associates the kinetic energy of the mass from a mechanical
system with the potencial energy stocked in the capacitor from an electrical
circuit so, the electrical admittance is related with the mechanical impedance
[7].

Based on these similarities, a mechanical system can be represented in the
form of an electric circuit by replacing mechanical components with their
equivalent electrical elements. Once the equations of the system are obtained,
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based on circuit theory, it is required to return the electrical components to
their analogue mechanical components. The need to switch from mechanical
to electrical components and vice versa in this analogies can be seen as a dis-
advantage in several cases where the complexity of the system is significant.

Lagrange equations

Lagrangian mechanics allows one to obtain, in terms of generalized coordi-
nates, the differential equations of a mechanical system based on the vari-
ations of kinetic and potential energies. The use of the Lagrangian formu-
lation is based on the principle of work and energy. Therefore, it is more
useful to employ Lagrange equations than free-body diagrams when working
with multiple degrees of freedom systems [8]. This method requires the use
of generalised coordinates which are defined in function of the degrees of
freedom of the system [9] and the familiarization with energy concepts.

Bond graph method

Mathematical modelling of dynamic systems using bond graph technique is
based on the exchange of energy (flows and efforts) among the elements of
a system [2]. This exchange is represented by joints and the components
by vertices called ports (inductive, capacitive, resistive, sources or sinks,
transformers or gyrators). The joints have a half arrow designating the flow
direction and a perpendicular line called causality, which represents the di-
rection of the effort (see Figure 2).

The union graphs are an abstraction of the original system, a graphical
methodology through which it is possible to obtain the state equations of
mechanical, electrical, hydraulic and thermal systems. This method requires
familiarization with energy concepts to be able to model dynamic systems.
It also requires a change of variables in order to be applied [2].

Absolute motion analysis

Absolute motion analysis allows obtaining the mathematical model of a me-
chanical system considering its geometry. If a point is moving along a straight
line s that rotates θ degrees, s and θ can be related based on the geometry
of the problem and the equation of motion can be obtained [10]. The com-

12



Figure 2: Common binding nomenclature in a bond graph (modified from
[2]).

plexity of this method depends on the geometry of the system.

2.2 Background and state of the art

In this section the relationship between mechanical systems and electrical
circuits through the relation between voltages and forces law and the cur-
rents and velocities law is exposed. These associations sustain the possibility
of obtaining the mathematical model of a mechanical system using its equiv-
alent mechanical circuit.

Electromechanical analogies have played an important role as, for instance, a
better design of electromechanical transducers telephones, the development
of networks theory and its use in electric wave systems [11]. One of their
advantages is to analyse, at the same time, the mechanical and the electrical
elements to know how they interact with each other, specially in transducers.

The study of electromechanical analogies allowed Malcom Smith [12] to find
an error in associating the mass as equivalent to the electrical capacitor and
then, proposes the “inerter”, a mechanical component equivalent to the elec-
trical capacitor that has not been included within the elements that form the
mechanical systems in the conventional methodologies and that this project
will consider. Furthermore, the electromechanical analogies for mechanical
elements with four terminals are presented as an antecedent in a circuit.
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Then, it is introduced the methodology that this project is seeking to expand:
an algorithm with the purpose of obtaining the mechanical system mathemat-
ical model from a mechanical circuit representation [13]. This methodology
contemplates masses, springs and dampers as mechanical elements and forces
as sources of excitation. In such a way, the mechanical circuit constitutes
the base of this investigation.

Relationship between mechanical systems and electrical circuits

The current law for electrical circuits is analogous to the forces law for me-
chanical systems. The Kirchhoff’s current law establishes that the sum of
the electrical currents entering a node is equal to the sum of the currents
leaving it [14]. The forces law [15] for mechanical systems establishes that
the sum of the forces entering in a union is equal to the sum of forces that
come out.

Similarly, the voltage law is analogous to the velocities law. The Kirchhoff’s
voltage law states that the algebraic sum of all the voltages around any closed
loop in an electrical circuit is equal to zero [14]. The velocities law [15] sus-
tains that the sum of the increases of speed in a closed circuit is equal to the
sum of the speed that decreases in it.

Firestone [15] presents direct relationships between the currents and forces
laws as well as between the voltages and velocities laws.

Inerter

Before 2002 the indirect electromechanical analogy compared the mass with
a capacitor, but they are not completely analogous due to the fact that the
capacitor has two moveables terminals whereas the mass has only one and
the other terminal must always be connected to the ground. In 2002 Malcolm
Smith [12] found a mechanical device which he named “inerter”, equivalent
to a capacitor when it is not connected to the ground. Taking into account
the “inerter”, the mentioned analogy becomes accurate. If a mechanical
system containing springs, masses, inerters and dampers is excited by an
external force, the “inerter” which is a mechanical element of two moveables
terminals, will produce an acceleration between the terminals proportional
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to the force applied to them.

In 2008, Smith explains the advantages of using an inerter in a vehicle sus-
pension [12]. Then, it was implemented in a formula 1 car, run by Kimi
Raikkonen in 2005, noting an increase in the potential performance of the
vehicle [16]. Recent studies show that the inerter reduces the natural frequen-
cies of a MDOF (Multiple Degrees Of Freedom) system when it increases its
inertance [17], eliminates oscillations of high buildings [18] and reduces dy-
namic vibrations [19], among other applications.

Mechanical circuit with elements of four terminals

Based on the electrical analogies, the engineer Adrián Kisielewsky [20] devel-
ops a new convention to draw “mechanical diagrams”. He establishes the re-
lationship between the next passive mechanical elements with four terminals:
pulleys, levers, zips, ideal and endless gears and an ideal voltage transformer.

The mechanical diagrams presented by Adrián Kisielewsky allow represent-
ing the mechanical elements with four terminals in a circuit way.

Mechanical circuit

This method models linear mechanical systems based on a variation of New-
ton’s second law, the D’Alembert’s principle and the currents Kirchhoff’s
law, redrawing the system in a similar way as an electrical circuit but with-
out the use of electrical to mechanical analogies [13].

The mechanical circuit is drawn by considering the nodes as the points where
one or more mechanical elements (mass, spring or damper) are joined. That
elements are considered reactive elements. The forces are considered as ex-
citation sources. Then, the force law is applied to obtain the equations of
motion [13].

One of the advantages of obtaining the mathematical model from a mechan-
ical circuit is that any number of forces can be analysed without applying
the superposition principle [13].
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2.3 Problem statement

Conventional methods for mathematical modelling of mechanical systems do
not contemplate the mechanical element “inerter” and generally the systems
are disturbed by external forces but not by external displacements.

Obtaining the equations of motion through the mechanical circuit approach
allows one to directly see the relationship between mechanical elements (dampers,
springs, masses and inerters) and their effects. The advantage and difference
between the mechanical circuit approach and the electrical to mechanical
analogies is that the first one does not require to change from mechanical to
electrical components, thus it allows obtaining the equations from the origi-
nal devices.

In view of the previously presented information, this project concerns the
problem of modelling mechanical systems with the mechanical circuit ap-
proach mentioned by Vera [13], taking into consideration a general case of
movement with different configurations (serial, parallel, delta or wye) and dif-
ferent elements (masses, springs, dampers, inerters, gears, pulleys or levers).

2.4 Hypothesis

By the use of a new modelling methodology, it is possible to obtain the equa-
tions of motion of mechanical systems in a simpler way (less calculations and
fewer steps) compared to conventional methodologies. This new methodol-
ogy will consider more general cases and elements than the others mentioned
in this research proposal.

2.5 Objectives

2.5.1 General objective

To establish a methodology for the mathematical modelling of mechanical
systems based on mechanical circuits seeking a simpler way to obtain the
equations of motion.
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2.5.2 Particular objectives

� To detect different types of linear mechanical systems

� To define the methodology steps for the different types of mechanical
systems

� To define the notation for mechanical circuits

� To establish the rules for drawing a mechanical circuit from a mechan-
ical system

� To establish when to use the forces or velocities laws

� To establish the procedure for obtaining the mathematical model of a
mechanical circuit with general movement

� To validate the obtained methodology by a mathematical proof

2.6 Scope and limitations

This project concerns the modelling of linear mechanical systems with gen-
eral motion (translation, rotation or both).

To generate pure rotational movement, the elements that can be included in
a mechanical system are: rotational springs, rotational dampers, moments
of inertia, rotational inerters, pulleys, levers and gears.

To generate pure translational movement, the elements that can be included
in a mechanical system are: translational springs, translational dampers,
masses and translational inerters.
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The interconnections between mechanical elements that this methodology
will consider are series, parallel, delta, wye and combinations of them.

The excitation signals to be considered in this methodology can be classified
in three main groups as it is shown below. The two first categories corre-
spond to conventional excitation signals while the last one is a less known
kind of excitation.

� Force sources. These sources are related to translational movement.

� Torque sources. Rotational movement is generated by these sources.

� Displacement sources. The effects of these sources will be analysed
in this project for both translational and rotational movement.

2.7 Proposed methodology

The papers published until now indicate that there is not a methodology
that contemplates the aspects that this project will consider, but it is neces-
sary, during the whole investigation, a constant review of papers about the
modelling of mechanical systems with the purpose of detecting methodolo-
gies that involve the mechanical circuit approach to obtain the equation of
motion of a system. If an algorithm to obtain the mathematical modelling of
a mechanical system using the mechanical circuit is found, this project will
evaluate in order to to improve it or redefine the investigation.

The first step to approach the aim of this project is the identification of the
types of mechanical systems to be considered since the methodology might
contemplate different cases. The aspects that need to be known are: the
types of movement, the types of excitation sources, and the mechanical ele-
ments and their interconnections.

The mentioned aspects need to be grouped, joining the components that
share similar characteristics, to contemplate the system from a general to a
particular case. Then a particular notation will be defined giving a name to
the formed groups.
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To establish the steps to obtain the mathematical model of a mechanical sys-
tem, it is necessary to group some repeating steps in loops, define variables,
parameters and conditions to be satisfied.

After this, it is necessary to define how to identify the types of interconnec-
tions between the mechanical elements such as parallel, series, delta and wye
interconnections in order to define which one of them will be considered as
node, a mesh, a super node or a super mesh and to graphically stablish the
frame of reference. All this will be necessary to define the procedure to draw
the system as a mechanical circuit.

Within the procedure to redraw the system as a mechanical circuit it is fun-
damental to contemplate that the interaction of the rotational elements with
others depends on their constant measures, for instance the pulleys diameter,
the levers arms and the number of teeth of the gears. This project will de-
velop a way to graphically represent, in the mechanical circuit these constant
parameters.

To define the algorithm to obtain the mathematical model of a mechanical
circuit it will be necessary to specify, that non-linear systems are out of the
scope of this methodology. Then, the forces and velocities laws have to be
defined as well as the situations when these laws are used. The steps and
conditions to get the mathematical model of a mechanical circuit in general
movement will be established.

A mathematical proof will be proposed in order to validate the methodol-
ogy, with the purpose to sustain its effectiveness. Once it has been proven
that the proposed methodology is suitable for mechanical systems with the
specifications mentioned above, the investigation report will be written.
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3 Scientific paper

In this section is presented the scientific paper “Linear Mechanical Systems
with Displacement Sources: Mathematical Modeling” that was submitted to
the journal “Mathematical and Computer Modelling of Dynamical Systems”
(see Figure 3).

Figure 3: Scientific paper submitted to the journal “Mathematical and Com-
puter Modelling of Dynamical Systems”

The present thesis is orientated to obtain a master degree, through the spe-
cialized article graduation option. Considering the articles 57, 59 and 60 of
the REA (Reglamento de Estudios Avanzados) of the UAEMéx (Universidad
Autónoma del Estado de México).
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4 General conclusions and future work

The mechanical circuit approach is used to represent a mechanical system in
a circuit way, constructing nodes and meshes. Then, the equations of mo-
tion of the system are obtained by applying the force or the displacement law.

The number of steps and calculus to obtain the mathematical model of a
system, using the approach proposed in this work, are fewer than using con-
ventional methodologies. This is because when the force or displacement law
is applied to a mechanical circuits, the elements that are enduring the same
displacement or the same force are analysed together.

In this work the approach of mechanical circuits excited by forces and analised
by nodes proposed by [13] is expanded. The paper reported in this work deals
with displacement sources where a methodology to cope with this kind of ex-
citations is introduced through a mesh analysis.

In the appendices of this document, it is established how to cope with other
cases. Appendices show the bases to draw mechanical circuits with rotational
mechanical elements, the inerter element and delta or wye configurations.

These information was not reported in the mentioned paper but, as future
work, it can be expanded adding case studies and detailed explanations.
With the concepts developed in this work, a general methodology to model
many different linear mechanical systems can be visualized. But, the author
does not discard the possibility of finding more components, interconnections
and laws that could be generated or established for linear mechanical systems.
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A Basic concepts

In this appendix, fundamental concepts are presented. Several of these fun-
damental concepts are based on electrical circuits theory and will help to
define essential notions of mechanical circuits. In this section are introduced
fundamentals of classical mechanics, linear and non-linear systems and the
types of interconnection between elements in a system.

A.1 Linear and non-linear systems

A.1.1 Identification of linear and non-linear systems

The superposition principle sustains that if a system is being affected by two
forces, the final response of the system will be equal to the sum of the sys-
tem response when each force acts separately. If the superposition principle
describes the response of a system to more than one force, then is a linear
system; otherwise, it is a non-linear system [21].

The modeling method developed in this work do not contemplate the math-
ematical modeling for non-linear systems, so it is essential to identify this
kind of systems to discard the use of the methodology.

A.2 Rotational and translational movement

A.2.1 Rotation

The rotation is defined as the circular movement of the particles of a rigid
body, around a fixed axis [22]. Turning, each point (except the rotating
center) occupies other position, different to the original. The new and last
position will have a one-to-one relation [23]. The mass of the body and how
it is distributed around the rotation axis are characteristics of the body that
contribute or hinder its state of rotation [24].

A.2.2 Translation

Consider a body in motion. If a line in the body keeps parallel during the
movement from its initial orientation, then the body is in translation. There
are two types of translation, rectilinear and curvilinear, the first one occurs
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when the trajectories of two points in the body describe parallel lines, the
last one when the trajectories are performed along curved lines [22].

A.2.3 General plane motion

The combination of translation and rotation movement is known as general
plane motion, considering that the rotation is carried out on a perpendicular
axis from the plane where the translation occurs [22].

A.3 Dimensions of rotational mechanical elements

A.3.1 Pulleys

Ideally, the ratio of the angular velocity between the driven pulley and driv-
ing pulley is equal to the ratio of their diameters. However, in practice, there
is a slip and creep between bands and pulleys, so, the angular speed ratio
between two connected pulleys does not often correspond to the ratio of their
diameters, except when it comes to synchronization bands [25].

In order to obtain the mathematical model of pulleys, the bands will be
represented as a spring with a specific coefficient of rigidity.

A.3.2 Gears

The coupling of gears tooth has a direct relationship with the angular veloc-
ity of the driving shaft and the driven shaft. In a gear train, the speed of the
last gear (nl) is calculated by the following expression [25]:

nl = e ∗ nf

where:
nf is the speed of the first gear
e is the value of the train

The value of the train is positive if the first and last gear rotate in the
same direction, it is calculated as follows [25]:

e = product of the number of teeth of the drive gears
product of the number of teeth of the driven gears
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A.3.3 Levers

If the axis of rotation of a body passes by the point O, A is a plane on the
body perpendicular to the axis of rotation and F is a force acting on the
body in the direction of the plane A, the torque is defined as τ = F ∗ l where
l is the perpendicular distance between the line of action of the force and the
point O. l receives the name of the lever arm [26].

A.4 Excitement sources

The equilibrium state of a body is present when it has constant or zero
velocity. A force can be defined as a vector that changes the equilibrium state
of a body. The forces are created when there is an interaction between a body
and the environment that surrounds it or between a body and another body
[26]. As external displacements change the equilibrium state of a body, the
external forces and displacements will be considering as excitement sources
to a system in this work.

A.5 Reference frame

If a body is able to move along a reference frame at constant velocity with-
out forces acting on it, then, this frame is known as inertial reference frame.
Classical mechanics is totally valid within an inertial frame [26].

Analysing relative movements is convenient to use a system of perpendic-
ular coordinates to describe the movement of all bodies. The orthogonal
coordinates guarantee that they do not depend on each other [27]. For the
mechanical circuit under consideration, the inertial reference frame will be
represented by a node of reference.

A.6 Super nodes and super meshes

A super node in electrical circuits is considered a node that includes a volt-
age source and two nodes. If a nodal analysis is being used to obtain the
equations that describe the movement of an electrical circuit, the Kirchhoff’s
currents law needs to be applied to the circuit considering a super node en-
closing the voltage source. Then, the Kirchhoff’s voltages law is applied to
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the mesh where the voltage source is [3].

To solve a mechanical circuit by nodal analysis when it is present a displace-
ment source, the use of a super node will be necessary. In order to obtain
the equation of motion of the system, the forces law is applied taking into
account the super node enclosing the displacement source. Then the veloci-
ties law to the mesh is employed where the displacement source is placed.

If the mesh analysis is applied to an electrical circuit that contains current
sources, a supermesh must be considered. A supermesh is the contour of two
joined meshes, omitting the common branch in both, where a current source
is placed. The Kirchhoff’s voltages law is applied to the supermesh and the
Kirchhoff’s currents law to the node next to the current source [3].

In a mechanical circuit, analogously the velocities law is applied to a super
mesh and the forces law to the node next to the force source.
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B Wye and Delta configurations in mechan-

ical systems

Commonly, mechanical elements present series or parallel interconnection.
However, a mechanical system may not have its elements interconnected in
parallel or series; they can present a wye and delta interconnection.

This section is devoted to obtaining the mathematical expressions that trans-
form the mechanical impedances in delta interconnection (Figure 4a) to their
equivalent mechanical impedances in wye interconnection (Figure 4b) and
vice versa. The purpose of deducting this relation with impedances instead
of particular mechanic elements is to present a general analysis.

(a) Delta configuration (b) Wye configuration

Figure 4: Wye and delta configurations (modified from [3])

To start the deduction, it is necessary to obtain the impedance Z12, which is
defined as the impedance between nodes 1 and 2. For the sake of simplifi-
cation, Figure 4a can be seen as Figure 5. ZC and ZB are interconnected in
series, so, their equivalent impedance is given by (3) (see Figure 6). As Z ′

and ZA are in parallel, Z12 results in (4).
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Figure 5: Delta configuration redrawn.

Z ′ =
ZB ∗ ZC

ZB + ZC
(3)

Figure 6: Simplified delta configuration.

Z12 = ZA +
ZB ∗ ZC

ZB + ZC
(4)
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On the other hand, the wye interconnection shown in Figure 4b can be seen
as Figure 7, the impedance Z12 in the wye configuration is then in series with
the Z1 and Z3 impedances, resulting 5.

Figure 7: Wye configuration redrawn.

Z12 =
Z1 ∗ Z3

Z1 + Z3
(5)

Equation (6) is obtained by equating equations (4) and (5). Analogously,
equation (7) is obtained for nodes 1 and 3, and (8) for nodes 2 and 3.

ZA +
ZB ∗ ZC

ZB + ZC
=

Z1 ∗ Z3

Z1 + Z3
(6)

ZC +
ZA ∗ ZB

ZA + ZB
=

Z1 ∗ Z2

Z1 + Z2
(7)

ZB +
ZA ∗ ZC

ZA + ZC
=

Z2 ∗ Z3

Z2 + Z3
(8)

Solving equations (6), (7) and (8) for Z1, Z2 and Z3, equations (9) are obtained.
Solving equations (6), (7) and (8) for ZA, ZB and ZC , equations (10) are
obtained.
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Z1 =
ZA ∗ ZB + ZA ∗ ZC + ZB ∗ ZC

ZB
(9a)

Z2 =
ZA ∗ ZB + ZA ∗ ZC + ZB ∗ ZC

ZA
(9b)

Z3 =
ZA ∗ ZB + ZA ∗ ZC + ZB ∗ ZC

ZC
(9c)

ZA =
Z1 ∗ Z3

Z1 + Z2 + Z3
(10a)

ZB =
Z2 ∗ Z3

Z1 + Z2 + Z3
(10b)

ZC =
Z1 ∗ Z2

Z1 + Z2 + Z3
(10c)

The mathematical expressions that allow calculating the equivalent impedances
in delta configuration from the impedances in wye configuration for electri-
cal circuits are shown in equations (11a), (11b), and (11c). The mathematical
expressions that allow calculating the equivalent impedances in wye config-
uration from the impedances in delta configuration for electrical circuits are
shown in equations (12a), (12b), and (12c).

ZA =
Z1 ∗ Z2 + Z2 ∗ Z3 + Z3 ∗ Z1

Z2
(11a)

ZB =
Z1 ∗ Z2 + Z2 ∗ Z3 + Z3 ∗ Z1

Z1
(11b)

ZC =
Z1 ∗ Z2 + Z2 ∗ Z3 + Z3 ∗ Z1

Z3
(11c)

Z1 =
ZA ∗ ZC

ZA + ZB + ZC
(12a)

Z2 =
ZB ∗ ZC

ZA + ZB + ZC
(12b)
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Z3 =
ZA ∗ ZB

ZA + ZB + ZC
(12c)

Note that equations (11) and (12) present the same structure that (9) and
(10), then, it can be inferred that exists an analogy between wye and delta
interconnection for mechanical and electrical systems.
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C Drawing a mechanical circuit

The mechanical circuit is the representation of a mechanical system where
the elements are connected by nodes and meshes. This representation allows
identifying the elements that endure the same forces or displacements. This
scheme will be a vital tool in obtaining the mathematical model of a me-
chanical system in an easier way than conventional methodologies. In this
appendix, the steps to follow in order to draw a mechanical circuit from a
mechanical system and some essential related concepts will be described.

A mechanical circuit contains main nodes and secondary nodes. The main
nodes are those associated with the independent displacements in the system,
and the secondary nodes are those that help to convert some main nodes from
rotational movement to translational movement or vice versa, a secondary
node is dependent of a main node associated.

If the system is subject to translational and rotational movement, the di-
mensions of the rotational mechanical elements help to know the relation
between both. If there are two pulleys with radios r1 and r2 connected by a
band with stiffness constant k, their representation in the mechanical circuit
must be as in Figure 8.

Figure 8: Polley representation in a mechanical circuit.

Figure 9 shows an schematic representation of two gears connected, with
radios r1 and r2 in a mechanical circuit. Figure 10 shows an schematic rep-
resentation of a lever with moment arms d1 and d2 between its extremes and
the pivot.

For the representation of two gears connected, with radios r1 and r2 in the
mechanical circuit see Figure 9. For a lever with moment arms d1 and d2
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between its extremes and the pivot, see the Figure 10.

Figure 9: Gears representation in a mechanical circuit.

Figure 10: Lever representation in a mechanical circuit.

The symbol that will be used in the mechanical circuit to represent force
sources is the analog to the symbol of a current source for electrical systems
[13] shown in Figure 11.

Figure 11: Force source

Each displacement and force source has a positive or a negative sense in the
inertial reference frame. If the sense of a source coincides with the positive
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Figure 12: Inerter graphical representation (Modified from [4]).

direction of an axis in the inertial reference frame, it will be positive in the
mechanical circuit representation. Otherwise, it will be negative. To draw a
positive source in the mechanical circuit, the negative terminal of this source
will be connected to the reference node. Otherwise, its positive terminal will
be connected to the reference node [13]. In both cases, the remaining ter-
minal will be connected to the mechanical element directly affected by the
source.

The masses always have a terminal linked to the reference node. If the dis-
placement of a mass has a negative sense, a minus sign beside its associated
node in the mechanical system must be collocated.

On the other hand, an inerter does not need to be linked to the reference
node. The representation of an inerter in a mechanical circuit for this work
will by the symbol shown in Figure 12 [4].

One needs to identify the types of interconnections between the elements
of the mechanical system. Whether the mechanical components endure the
same displacement, they are in parallel interconnection, and whether they
endure the same force acting on them, they are in series interconnection. To
collocate the elements in the mechanical circuit, firstly, one must identify
those that endure the same force or displacement with the elements con-
nected to the sources of excitation, accommodate all the elements forming
meshes or nodes among them respectively.

If there are mechanical elements in the mechanical system that are neither
connected in parallel nor in series, it is considered that they are in delta or
wye interconnection.
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Within the relations among the mechanical elements consider that if there
are pulleys, gears or levers, they need to be represented as shown in Figures
(8), (9), and (10) respectively.
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D Mathematical model of mechanical systems

The present section introduces the methodology to obtain the mathematical
model of a mechanical system based on its representation in a mechanical
circuit. The equations of movement will be obtained by applying the forces
or displacements law to nodes or meshes, respectively.

First of all, if the mechanical circuit contains elements in delta or wye config-
uration, it is necessary to change its interconnection by using the equations
(9) or (10). All the elements need to be interconnected in series or parallel.
If there are two or more masses, springs, dampers or inerters in series or
parallel, replace them by equivalent elements in order to simplify the circuit.

In order to decide whether to apply displacements or forces law to the me-
chanical circuit, the following items should be considered.

Since the nodal analysis works well with the forces through each mechanical
component, if there are force sources between two meshes, nodal analysis is
convenient as in [13].

Since the mesh analysis works with the displacement of each mechanical
component, if there are displacement sources between two meshes, it is con-
venient to apply a mesh analysis as established in this document.

If excitement sources are found in a unique mesh, then a nodal or mesh
analysis can be applied to obtain the mathematical model of the system. If
there is a displacement source and the nodal analysis is chosen, then, the
displacement of the node where the source is connected equals that of the
source. For this node, it is not necessary to establish an equation due to the
fact that the movement of the node is known.

If there is a force source in a unique mesh and the mesh analysis is chosen,
then, the force in the mesh equals that of the source. For this mesh, it is
not necessary to establish an equation due to the fact that force that would
provoke the displacement of the elements in the mesh is known.

Although the nodal or mesh analysis can be utilized where there are excite-
ment sources in an unique mesh, commonly, one of them implies more steps
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than the other. In order to reduce the number of equations, if the number
of nodes in the mechanical circuit is higher than the number of meshes, the
mesh analysis should be applied.

Similarly, if the number of meshes is higher than the number of nodes, nodal
analysis should be applied. On the other hand, if one wants to obtain the
equations of movement in terms of the forces that would generate displace-
ments, one should opt for nodal analysis. If one wants to obtain the move-
ment equations in terms of displacements, one should opt for a mesh analysis.

The mentioned conditions help to chose between the nodal or mesh analysis
to obtain the equations of movement of a mechanical system. However, if
there are displacement and force sources between meshes, then super nodes
and super meshes might be used, as it will be explained below.

D.1 Super nodes and super meshes analysis

As mentioned above, when there are force and displacement sources in the
middle of two meshes, the concept of super nodes and super meshes must be
used.

To decide which of the two approaches should be chosen, the number of force
and displacement sources need to be counted. If there are more force sources
than displacement sources, the forces law using a super node might be used;
then displacement law is applied in the super node. If there are more dis-
placement sources than force sources, the displacement law is used in every
mesh of the circuit, using the concept of super mesh. Then the force source
is applied in the super mesh.

If the mechanical system contains rotational elements, an additional equa-
tion consisting of the sum of moments is required for the development of
the mathematical model. In this case, the forces coming to each node, are
multiplicated by the moment arm, relative to a point freely chosen.

The inertance is the mechanical impedance of an inerter. The inertance is
measured in kilograms and is analogous to a mass. If a force is applied to
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the inerter, this force generates a proportional acceleration on it.

The following example shows how to cope with mechanical circuits where
there is a force between two meshes. In this case, as was explained, a super
mesh is used to obtain the mathematical model of the system.

Example 1. To obtain the mathematical model of the mechanical system
shown in Figure 13, through the approach presented in this work, a circuit
representation is required. The inertial reference frame is shown as a reference
node in order to construct the mechanical circuit of the system shown in
Figure 13. The mass is linked to the reference node, as well as the two
excitation sources (see Figure 14).

Figure 13: Mechanical system Example 1.

In the mechanical system, the force source has a positive sense, which is
represented in the mechanical circuit connecting the arrow going out from
the reference node. The displacement source has a negative sense in the
mechanical system, so, to represent it in the mechanical circuit, its positive
terminal is connected to the reference node.
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Figure 14: Mass and sources Example 1.

The position of the spring with the damper in the mechanical system is
respected when the mechanical circuit is built. The springs are in contact
with the reference frame and to the reference node, for the mechanical system
and for the mechanical circuit, respectively. The damper is placed between
the mass and the force source (see Figures 13 and 15).

Figure 15: Mechanical circuit Example 1.

The use of a super mesh is illustrated in the modeling of the system given in
Example 1. In the mechanical circuit of example 1, there are three meshes.
Mesh 1 is considered as the mess formed with the spring and the source force.
The second mesh includes the force source, the mass, and the damper. The
mass and the displacement source form the third mesh.
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There is a displacement source between mesh 1 and mesh 2, so, to make
a mesh analysis, the use of a super mesh is needed. The forces that would
generate the displacements in the elements of every mesh is drawn as a curved
arrow with an aleatory sense. The super mesh is represented by color blue
in Figure 15. Equation (13a) and equation (13b) are obtained by applying
the displacement law for the super mesh and mesh 3, respectively. Then
the forces law is applied to the super mesh, obtaining equation (13c). The
behavior of the mechanical system illustrated in Figure 13 is described by
the equations (13).

1

k
f1 +

1

BD
f2 +

1

MD2
(f2 − f3) = 0 (13a)

1

MD2
(f3 − f2) = x2 (13b)

f(t) = f2 − f1 (13c)
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