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Temperature field as a codifier of entanglement
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Abstract. Vectorial fields such as the electromagnetic field are commonly employed for codifying both qubits and
information. It is considered as a three-qubits Heisenberg chain with multiple interaction in the presence of a scalar
field, as it is the temperature field. The corresponding pairwise thermal entanglement is calculated. Our results
corroborate with the results of Yang and Huang, Quant. Inf. Proc. 16:281 (2017). To first order of approximation in
powers of β = 1/T , it is shown that a temperature field can codify entanglement. A scalar field substrate can be used
to distribute quantum entanglement in communication protocols that require this ingredient. Present results can be
extrapolated to other physical systems such as Heisenberg spins (two-site) or superconducting qubits, provided the
respective quantum correlation (entanglement or discord) expression depends explicitly on the temperature scalar
field.
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1. Introduction

In the discrete variable regime of quantum informa-
tion processing (QIP), photons are employed as the
carriers of information with qubits encoded in their
polarisations. In the continuous variable regime, infor-
mation is contained in continuous degrees of freedom
of the electromagnetic field such as field quadratures.
So vectorial fields are commonly employed as codifiers
of information [2–6]. On the other hand, an essential
physical quantity for QIP is quantum entanglement [7]
which plays an important role in both theoretical and
experimental branches of physics [8–10]. In particu-
lar, the thermal entanglement refers to such a quantity
in the presence of a temperature field. This quantity
has been studied in many situations such as in one-
dimensional Heisenberg model [11], Heisenberg spin
chain with multiple interaction [12] and Yang Baxter
models [13]. In ref. [12] it was found that entangle-
ment survives at higher temperatures. At this stage, the
following question arises: Can a scalar field, as it is
the temperature field, codify quantum entanglement? In
order to investigate further on this topic, a three-qubits
system is considered here with XX Z + Y ZY , X ZY
and Y Z X interactions in the presence of a temperature

field. Respective pairwise entanglement is calculated
and the result corroborates with the results of [1]. Fur-
thermore, it is found that a scalar field, e.g. a temperature
field, can codify quantum entanglement. This opens
the way for further searches of scalar fields which
are different from the temperature field that can cod-
ify quantum entanglement. It is worth to mention that
the recent findings pave the way for further revolution-
ary technological applications in long-distance quantum
communications. Thus, a scalar field substrate can be
used to distribute quantum entanglement in protocols
that require this ingredient. Concerning to the question
whether the present results can be extrapolated to other
physical systems such as Heisenberg spins (two-site) or
superconducting qubits, the answer is affirmative. It can
be done, provided the respective quantum correlation
(entanglement or discord) expression depends explicitly
on the temperature scalar field. Present work is organ-
ised as follows. In §2, a brief account of the Heisenberg
XX Z spin chain with multiple interaction is given.
In addition, eigenvalues of the respective Schrödinger
equation are analytically obtained. In §3, the temper-
ature field (scalar field) is identified as a codifier of
ground thermal entanglement. Finally, the results are
summarised.
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2. Heisenberg spin chain with multiple interaction

The respective Hamiltonian is given by
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where B is the external magnetic field, J ′ and J ′′
denote the X Z X + Y ZY and X ZY − Y Z X three-sites
interactions, respectively. In what follows, we constrain
ouselves to a N = 3 qubits ring. The corresponding
eigenvalues associated with the Schrödinger equation
H |�〉 = E |ψ〉 are as follows:

E0 = 3(Jz + B),

E1 = B − Jz − 2J − 2J ′ − 2
√

3J ′′,
E2 = B − Jz − 2J − 2J ′ + 2

√
3J ′′,

E3 = B − J z + 4J + 4J ′, (2)

E4 = −B − Jz − 2J + 2J ′ − 2
√

3J ′′,
E5 = −B − Jz − 2J + 2J ′ + 2

√
3J ′′,

E6 = −B − Jz + 4J − 4J ′,
E7 = 3(Jz − B). (3)

The values of the coupling constants J , Jz , J ′ and J ′′
shall be subjected to constraints (see the discussion
below).

3. Temperature field and entanglement

The density matrix associated with a thermal equilib-
rium state is

ρ(T ) = 1

Z
exp

(
−H

T

)
,

where Z = ∑7
a=0 exp(−βEa). In what follows, we

choose Boltzmann’s constant as the unit in such a way
that β = 1/T where T is the temperature. If pairwise
entanglement is considered, then the reduced density
matrix ρ12(T ) = tr3ρ(T ) is required which is given by
[12]

ρ12(T ) = 1
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where
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The concurrence is given by (due to the invariance
under cyclic shifts, the value of the concurrence does
not depend on the pairs of the qubits chosen)

C = max
{ 2

Z

(|δ| − √
αμ

)
, 0

}
. (6)

In the present work, the following expansions is made
in powers of β to a first-order of approximation

e−βEa � 1 − βEa + O(
β2), a = 0, 1, 2, ..., 7,

(7)

where the eigenvalues Ea (a = 0, 1, 2, ..., 7) are given
by eq. (2). To substitute (7) in (5) and (6) and solving
for β, the following equation is obtained:

β − β0

β0
� 2C, (8)

where

β0 =
(
J + Jz + J ′ −

√
3

6
J ′′

)−1

. (9)

The values of the magnetic fields J , Jz , J ′ and J ′′ must
be such that β0 > 0. Equation (8) shows that a temper-
ature field (scalar field) can codify entanglement.

4. Conclusions

To determine whether a temperature field (scalar field)
can codify entanglement, a three-qubits Heisenberg spin
chain has been considered in the presence of multiple
interaction. The respective Schrödinger equation has
been solved and the eigenvalues analytically found in
terms of the involved magnetic fields. Without loss of
generality, it is traced out over the third qubit the density
matrix associated with the thermal equilibrium state. As
a result, the two-qubits density matrix is obtained in the
presence of a temperature field which is given by eqs
(4) and (5). From these equations, the pairwise concur-
rence given by eqs (5) and (6) is derived. Concurrence
is considered as a measure of entanglement. A series
expansion in powers of β = 1/T is made as indicated
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by eq. (7) and substituting in eqs (5) and (6), eq. (8) is
obtained. It is important to emphasise that the validity
of our approximation is for values of the magnetic fields
J , Jz , J ′ and J ′′ for which 0 < β0 � 1 in eq. (9). From
such an equation it is seen that a temperature field (scalar
field) can codify quantum entanglement. The above can
pave the way for further searches to check whether scalar
fields other than temperature fields can codify entangle-
ment.
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