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Abstract. The hyperspace of all nontrivial convergent sequences in a Hausdorff
space X is denoted by S.(X). This hyperspace is endowed with the Vietoris topology. In
connection with a question and a problem by Garcia-Ferreira, Ortiz-Castillo and Rojas-
Hernandez, we study the path connectedness and contractibility of S.(X). We present
necessary conditions on X for the path connectedness of S.(X), and also some sufficient
conditions. Further, we characterize the local path connectedness of Sc(X) in terms of
that of X. We prove the contractibility of Sc(X) for a class of spaces, and finally we study
the connectedness of Whitney blocks and Whitney levels for Sc(X).

1. Introduction. Convergence of sequences is an important tool to de-
termine topological properties in Hausdorff spaces. On the other hand, the
study of hyperspaces provides information about the topological behavior
of the original space and vice versa. In connection with both concepts, the
hyperspace S.(X) of all nontrivial convergent sequences in a metric space X
without isolated points was introduced in 2015 in [10]. Since then, several
properties of this hyperspace have been established [TT]-[13], [17]-[19].

In [10], among other properties, the path connectedness of S.(X) was
studied; it was proved that S.(X) is pathwise connected when X is either R
or a connected space that is a finite union of copies of [0, 1] [10, Theorem 2.4
and Lemma 2.11|. Also, [10, Example 2.8| exhibited a pathwise connected
continuum X such that S.(X) is not pathwise connected. Further, in [10]
Question 2.9] it was asked if S¢(X) is pathwise connected when X is a den-
droid; this question was answered in the negative in [I8, Example 4.6]. In
[10, Question 2.14| it was also asked whether the path connectedness of
S.(X) implies that of X; this was answered in the affirmative for infinite,
nondiscrete, Fréchet—Urysohn spaces in [I1], Corollary 3.3]. Despite the re-
cent contributions, the path connectedness of S¢(X) is not fully understood
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yet; in particular, necessary and sufficient conditions on X in order for S.(X)
to be pathwise connected have not been found. In this connection, the fol-
lowing problems were posed in [I0, Question 2.13| and [II], Problem 3.4],
respectively:

QUESTION 1.1. What kind of topological properties must X have when
the hyperspace S.(X) is pathwise connected?

PROBLEM 1.2. Give conditions on X under which S.(X) must be path-
wise connected.

In the present paper, we address both problems and we study the path
connectedness of the hyperspace of nontrivial convergent sequences in more
detail. In Corollary and Theorem [3.20| we give some partial answers to
Question [I.1] Moreover, in Theorem [3.6] and Corollary we give suffi-
cient conditions on X for S.(X) to be pathwise connected, thus addressing
Problem [L.2

More precisely, our main results are the following: first, we show the path
connectedness of S.(X) if X is contractible and first countable. Second,
we prove that for a uniquely arcwise connected continuum X, if S.(X) is
pathwise connected, then X must be uniformly pathwise connected (in fact,
if X is not uniformly pathwise connected, then S.(X) has exactly ¢ path
components). Third, we show that the path connectedness of S.(X) implies
the absence of Ri-sets in a continuum X for all i € {1,2,3}. Fourth, we
establish the equivalence between the local path connectedness of a first
countable space X and of S.(X). Fifth, we determine the contractibility
of S¢(X) for some spaces X. Finally, we study the connectedness of Whitney
blocks and Whitney levels for S.(X).

We note that Corollary Theorem Theorem and Corol-
lary significantly generalize |10, Example 2.8|, [I8, Example 4.6|, [10,
Corollary 2.5] and |10, Lemma 2.11|, respectively.

2. Preliminaries. All topological notions and all set-theoretic notions
whose definition is not included here should be understood as in [8] and [16],
respectively.

The symbol w denotes both the first infinite ordinal and the first infinite
cardinal. In particular, we consider all nonnegative integers as ordinals; thus,
n € w implies that n = {0,...,n — 1} and w\n = {k € w : kK > n}. The
successor of w is the ordinal w+ 1 = wU{w} and so the notations i € w+ 1,
i <w+1 and i < w all mean the same. The set w\ {0} is denoted by N. As
usual, ¢ will represent the cardinality of the real line R.

If X is a set and k is a cardinal, | X | represents the cardinality of X and
[X]<" denotes the family of all subsets of X of cardinality < k. In particular,
[X]<“ is the collection of all finite subsets of X, and [X]<"*! is the collection
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of all subsets of X having at most n elements, for n € N. The symbol P(X)
will denote the power set of X.

For a function f, ran(f) will denote its range, and given a subset A of
the domain of f, the set {f(z): z € A} is denoted by f[A].

In this paper, space means Hausdorff space. For a space X, the symbol 7x
will denote the collection of all open subsets of X. Also, for a set A C X, we
will use intx A and clx A (or A if there is no risk of confusion) to represent
its interior in X and its closure in X, respectively.

A space X is locally connected [strongly locally pathwise connected| at a
point p if it has a basis of open, connected [pathwise connected| neighbor-
hoods of p. Moreover, X is connected im kleinen |locally pathwise connected|
at p whenever X has a basis of connected |pathwise connected| neighbor-
hoods of p. Finally, X is locally connected [strongly locally pathwise connected,
connected im kleinen, locally pathwise connected| if X has that property at
all of its points.

Our next lemma is known and easy to prove.

LEMMA 2.1. The following conditions are equivalent for a space X :

(i) X is strongly locally pathwise connected;
(i1) X is locally pathwise connected;
(iii) if U is an open subset of X and K is a path component of U, then
K is open in X.

A space Z is contractible if there exist p € Z and a homotopy h : Z X
[0,1] — Z such that h(z,0) = z and h(z,1) = p for each z € Z. Such a
homotopy h is called a contraction.

A continuum is a compact, nonempty, connected, metric space. A den-
drite is a locally connected continuum that contains no simple closed curves.

A convergent sequence in a topological space X is a function f from w
into X for which there is z € X such that for each U € 7x with x € U
there exists n € w with flw \ n] C U. In this case, we say that either
f converges to x or x is the limit of f, and write lim, ,~ f(n) = = or
f(n) = x. We write (f(n))pen for f. If [ran(f)| = w, we say that f is
nontrivial. In connection with this concept, a subset S of a space X will be
called a nontrivial convergent sequence in X if S is countably infinite and
there is z € S such that S\ U € [X]|<¥ for each U € 7x with z € U.
When this is the case, x is called the limit point of S and we say that
S converges to x and write S — x or lim S = x. Throughout, the reader
will be able to identify from the context what is the intended meaning of
nontrivial convergent sequence.

For a space X, we consider the following hyperspaces:

CL(X)={AC X :Aisclosed in X and A # 0},
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K(X)={AeCL(X): Ais compact},

Sc(X) ={S € K£(X) : S is a nontrivial convergent sequence in X},
Fo(X)={AeCL(X):|Al <n}, withneN,

F(X) ={A € CL(X): Ais finite} = | ] F(X),

neN
C(X)={AeK(X): Ais connected}.

Given a family U of subsets of X, we define
) = {AECE(X) AC|JUnvueu (AHU#(D)}.

The Vietoris topology is the topology on CL(X) generated by the base con-
sisting of all sets of the form (), where U € [rx]<“ |20, Proposition 2.1,
p. 155]. All the hyperspaces described above will be considered as subspaces
of CL(X). In particular, a base for the topology of S.(X) consists of all sets
of the form (U). = (U) N S.(X), where U € [Tx]<“.

For a subset V of a space X, let V.t = ({V}). and V- = ({X,V})..
Thus, when V is open |closed| in X, then V" and V.~ are open |closed]
in S.(X).

LEMMA 2.2 (20, 2.3.1 of Lemma 2.3|). The following conditions are
equivalent for a space X and U,V € [P(X) \ {0}]<¥:

(1) (V) € U);
(2) UY CUU and for each U € U there exists V € V such that V C U.

For simplicity we adopt the following convention: if S is a nontrivial
convergent sequence in a space X, we say that {z, : n € w+ 1} is an
adequate enumeration of S'if S = {z,, :n € w+ 1}, imS =z, and z; # z;
whenever ¢ < j < w.

A cellular family in a topological space X is a pairwise disjoint family
of nonempty open subsets of X. The collection of all finite cellular families

of X is denoted by €(X).

THEOREM 2.3. Let X be a space and let Y € K(X) be zero-dimensional.
Then {(V):V € €(X) and Y € (V)} is a local base for CL(X) at Y.

Proof. FixU € [tx]<“ such that Y € (). Let F' € [Y]<“N({U). For each
x € F,let Q. be a clopen subset of Y such that z € Q, C ({U e U : z € U}.
Set Qp = {Q. : © € F'}. We may assume that the elements of Q are pairwise
disjoint.

If UQo # Y, define Q1 = Qo U {Y \ U Qop}; otherwise let Q1 = Qy.
In either case, Q7 is a finite family of pairwise disjoint, nonempty, compact
subspaces of X whose union is Y.

Let V € €(X) be such that:
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(i) [Qif = VI,

(ii) each element @ of Q; is contained in exactly one element Vi of V,
(iii) Y €Y CcUU, and
(iv) if @ = Q, for some xz € F', then Vo C(\{U eU : x € U}.

From Lemma [2.2] since F € (), it follows easily that Y € (V) C (U). u

COROLLARY 2.4. Let X be a space and let H(X) be a subspace of K(X)
with each element zero-dimensional. Then {(V) NH(X) : V € €(X)} is a
base for H(X).

The following result was proved in [I8, Proposition 3.2].

PROPOSITION 2.5. For an arbitrary space X, {(U). : U € €(X)} is a
base for S.(X).

Observe that Corollary generalizes Proposition [2.5] and has a shorter
proof. Proposition [2.5 will be used throughout the paper, sometimes without
explicit mention. Corollary 2.4 will be used in Proposition [3.14]

The following known results will be useful.

LEMMA 2.6 (|20, Corollary 5.8.1, p. 169]). Let X be a space. The function
0 :CLX)" — CL(X) given by p(En, ..., Ey) = E; is continuous.

LEMMA 2.7 (JI8, Lemma 4.8|). Let X be a space. If G is an open subset
of Sc(X), then |JG is an open subset of X.

Let X and Y be spaces and let f : X — Y be a mapping. Define the
induced mapping K(f) : K(X) = K(Y) by

K(f)(A) = f]A] for each A € K£(X).

THEOREM 2.8 (|20} 5.10.1 of Theorem 5.10, p. 170]). Given a mapping
f: X =Y, the induced mapping K(f) : K(X) — K(Y) is continuous.

Using the proof of [I1, Theorem 3.2] one can show the following result.

THEOREM 2.9. For a space X, let H(X) be a nonempty subset of K(X)
with each element zero-dimensional. If o : [0,1] — H(X) is a path, then for

each p € «(0) there is a path § : [0,1] — X such that 5(t) € a(t) for all
t €10,1], and B(0) = p.

Our next result is proved for infinite, nondiscrete, Fréchet—Urysohn spaces
in [I1} Corollary 3.3|. However, using the proof of [18, Theorem 4.5| one can
show it for arbitrary spaces.

THEOREM 2.10. If X is a space such that S.(X) is nonempty and path-
wise connected, then so is X.

REMARK 2.11. If | X| = ¢, then |S.(X)| < ¢ = ¢. In particular, S.(X)
has at most ¢ path components.
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THEOREM 2.12 (|23, Corollary 31.6, p. 222|). A Ty space is pathwise
connected if and only if it is arcwise connected.

REMARK 2.13. If Y is pathwise connected, then so is F,(Y) for each
n € N |2} (a), p. 877]. Therefore F(Y') is pathwise connected.

NoOTATION 2.14. Let X be uniquely arcwise connected and let z,y € X.
If 2 # y, then the unique arc between x and y in X will be denoted by [z, y].
If x = y, then [z, y] will denote {z}.

3. Path connectedness of S.(X). In this section we address Ques-
tion and Problem Namely, we obtain necessary conditions on a
space X to obtain the path connectedness of S.(X); we also obtain a suffi-
cient condition and present several examples.

3.1. Auxiliary results

LEMMA 3.1. Let X be a pathwise connected space. Define A ={A C X :
A is an arc} and L = {S € S:(X) : there exists B € [A]<“ such that |JB is
connected and S C | JB}. Then:

(i) L is pathwise connected,
(i) f Fe F(X), if Ac Aandif S € S.(A), then SUF € L, and
(iii) iof D is the path component of Sc(X) such that L C D, then D is dense
in Se(X).

Proof. First we prove (i), so fix Sp, S1 € L. It is easy to show that there is a
finite subset B of A such that | B is connected and Sp U S; C | B. According
to |10, Lemma 2.11| the hyperspace S.(|JB) is pathwise connected; since
it is contained in £ and Sp,S1 € S.(|JB), we conclude that £ is pathwise
connected. The proof of (ii) is easy and left to the reader.

Let S € Sq(X). Suppose that {s; : i € w+ 1} is an adequate enumeration
of S. Since X is pathwise connected, there exist A € A and R € S.(A)
such that limR = s,. Notice that R € L. Let {r; : i € w+ 1} be an
adequate enumeration of R. Set R, = {so,...,Sn—1} U{ri i > n}U{r,}
for each n € w. By (ii), R, € L. Observe that lim; ,,, R; = S. Therefore,
S € clg,(x)(£) and D is dense in S;(X). =

THEOREM 3.2. Let X be a pathwise connected space, let R € S.(X) and
let m € N. Then R € D if and only if there exists a path X\ : [0,1] —
Se(X) U Fn(X) such that A(0) = R and \~F,,(X)] = {1}.

Proof. Assume first that R € D. Let A be as in Lemma and fix
A € A. It is not difficult to show that if S € S.(A), then there exists a
path a: [0,1] = S.(A4) U Fi(A) such that a(0) = S and o ![F(4)] = {1}.
Moreover, there exists a path in S.(X) from R to S. Thus, there exists a
path A : [0,1] = S.(X) U Fpp(X) fulfilling all our requirements.
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Conversely, let A be as in the statement. Since X is pathwise connected,
we may fix x € R and an arc L C X, with end points  and some distinct
point a, and choose a homeomorphism 3 : [0, 1] — L such that 5(0) = a and

B(1) = x. For each n € N define a, : [%H’ 11— S.(X) by

an(t) = N1 =) U{Bt)}U{B(1/k): k€ {1,...,n}}.

Observe that «,, is well defined and continuous, and an(n%rl) = Qpit1 (n%rl)
for each n € N. Next define a : [0, 1] — S.(X) as follows:

alt) = {A(l) U{a}U{B(1/k): k €N} ift=0,
Lentt e [, ]

Using the fact that A(1) € F,,(X) one readily sees that a is well defined.
Further, as a consequence of [2I, Theorem 18.3, p. 108|, « is continuous
n (0,1]. To check that « is continuous at ¢t = 0, fix W € €(X) such that
a(0) € (W), (see Proposition [2.5)). Define & = {V € W : VN A(1) # 0}.
Observe that A\(1) € (\{V.” : V e U}. Let W € W be such that a € W and
pick N € N such that

for some n € N.

B1[0,1/N]] € W and A[[1 — 1/N,1]] € (Uw) N(WVe vV euy.

Fix t € [0,1/N). A routine argument shows that a(t) € (JW. Now let
V e W. Then V Na(0) # 0. If B(1/k) € V for some k € N, the cellularity
of W and the choice of N guarantee that V N «(t) # 0. Hence, we may
assume that A\(1) NV # (). This means that V € Y. Thus, A\(1 —t) € V-
and so A(1 —t) NV # (. We have proved that a(t) € (W).. Therefore, using
Lemma [3.1](ii) we conclude that « is a path in S¢(X) that joins R to an
element of D. u

The authors do not know the answer to the following question.

QUESTION 3.3. Let X be pathwise connected and R € S.(X). Suppose
that there exists a path X\: [0,1] — S.(X) U F(X) such that A(0) = R and
A[0,1]] N F(X) # 0. Does it follow that R € D?

3.2. A sufficient condition for the path connectedness of S.(X).
In this subsection we address Problem [I.2] by showing that contractible, first
countable spaces X have S.(X) pathwise connected. We also show that the
converse is not true.

LEMMA 3.4. Let X be a pathwise connected space, let y,, € X and assume
that {V,, : n € N} is a countable local base at y,, with Vi = X. For each
n € N assume that V11 C V,, and denote by C,, the path component of V,
that contains y,. Let {y, :n € (w+ 1)\ {0}} and {x, :n € (w+ 1)\ {0}}
be adequate enumerations of sequences Sy and S, respectively, such that
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Tw = Y. Further, assume that
(x) for eachn € N there exists m,, € N such that y,,x, € Cy, for allr > my,.
Then there exists a path in Sc(X) from Sy to S,.

Proof. For each n € N define M(n) = max{k € N : z,,y, € Cr}. Then
there exists a path «, : [%H’ %] — Vi(n) such that an(n%rl) = gy, and
oy (L) = 2,. Note that M(n) — oo as n — <.

Next, for each n € N define g, : [n%rl, %] — Sc(X) by
gn(t) ={xm :m>n+1}U{an(t)} U{ym : 1 <m < n}.

Observe that g, is well defined and continuous. Also note that

1 1
gn<n+1> :{xm:m2n+1}u{ym:1Smgn}:gn+1<n+1>.

Now define v : [0,1] — S.(X) by

nt+l'n

(t){gn(t) if t € [-15, 1] for some n € N,
~ Wuninew+1} ift=0.

It is not difficult to verify that v(0) = .S, and (1) = g1(1) = S,.

It follows easily that ~y is well defined, and using |21, Theorem 18.3, p. 108|
one can show that it is continuous in (0,1]. To check that «y is continuous
at t = 0, fix a finite cellular family W such that S, = v(0) € (W), (see
Proposition . Let W € W be such that y, € W and take N € N such
that Vis,,) € W whenever n > N. Observe that @y, yn € Vi) € W for all
n > N. Hence, if t € [0,1/N) a routine argument shows that v(t) € (W),
and thus 7 is a path in S;(X) from S, to S;. =

COROLLARY 3.5. Let X be a pathwise connected space and let p € X.
Assume that X s first countable at p. If X is locally pathwise connected at p
and if R, S € S.(X) are such that R — p and S — p, then there exists a
path in Sq(X) from R to S.

THEOREM 3.6. If X is a contractible, first countable space, then S.(X)
s pathwise connected.

Proof. Let A and L be as in Lemma Fix Sp € S¢(X). We will show
that Sp may be joined by a path in S.(X) to some element of L. In this proof
we will assume that {z,, : n € w+ 1} is an adequate enumeration of Sy.

By assumption there exists a homotopy H : X x [0,1] — X such that
H(x,0) = z, and H(z,1) = z for all x € X. Observe that (H(xn,t))necw
converges to H(z,,t) for each t € [0, 1]; thus, H[Syx {t}] € F(X)US.(X) for
each t € [0,1]. Define Tp = {t € [0,1] : H[So x {t}] € F(X)} and ¢, = sup Tp.
We analyze two cases.
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CASE 1: tg € Ty. Set m = |H[SQ X {to}” The path X : [0, 1] — SC(X) @]
Fm(X) defined by A\(t) = H[Sy x {(1 —t) + to - t}] satisfies all conditions in
Theorem So Sp € D.

CASE 2: tg ¢ Tp. In this case H[Sy x {to}] € Se(X) and z = H(z,, to) is
the limit point of H[Sy x {to}]. Fix a countable local base {V,, : n € N} of z
with V41 C V,, for each n. Also, let C,, be the path component of V,, that
contains z, for each n € N.

CLAIM. For each n € N there exists my, € N such that H(x,,tg) € Cy
whenever r > m,,.

Let n € N. Fix a finite cellular family U, such that H[Sy x {to}] € (Up)¢
and if U, is the element of U, that contains z, then U, C V,,. Fix t, € T
such that H[Sy X [tn, to]] C (Un).

Since H|[Sp x {t,}] is finite and nonempty there exist y € H[Sy x {t,}]
and an infinite subset J of N such that H(z,,t,) = y whenever r € J; hence
H(zy,t,) = y. Thus, using again the continuity of H there exists m, € N
such that

(3.1) H(xp,t,) =y  whenever r > my,.

Now, observe that

(3.2) L HISo * [tn, tol] € | Jthn-

The cellularity of U, and the path connectedness of H[{z,} X [tn,to]] imply
that y € U,; therefore, since U, C V,, we deduce that y € C,. Similarly,
using (3.1) and (3.2) we conclude that H(x,,ty) € C, whenever r > my,,

and the claim is proved.

Let A C X be an arc that contains z and let S; € S.(A) be such that
lim S = z. Note that C), contains a tail of S for each n € N. Since lim 57 =
z = lim H(Sy x {to}), by Lemma [3.4] there exists a path in S.(X) from S;
to H[So x {to}]. According to the choice of ¢ty we know that H[Sy X [to, 1]]
is a path in S.(X) from H[Sy x {to}] to So; therefore, there exists a path in
S¢(X) from S; to Sp. The result follows from the fact that S; € £. =

QUESTION 3.7. Is it true that S.(X) is pathwise connected whenever X is

contractible? In other words, can the first countability assumption be removed
in Theorem [3.67

Recall that a continuum X is unicoherent if each pair of subcontinua of X
whose union is X, has connected intersection. A continuum is hereditarily
unicoherent if all its subcontinua are unicoherent. A continuum is a dendroid
if it is arcwise connected and hereditarily unicoherent. A fan is a dendroid
that has exactly one ramification point.
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According to Theorem [3.6] the contractibility of X is a sufficient condi-
tion for the path connectedness of S.(X), provided X is first countable.
It is however not a necessary condition, as the 1-sphere S shows (see
Lemma [3.1](i)). The situation is the same in the class of dendroids, as we
prove in our next example. We will use the following notation:

NOTATION 3.8. If p1,...,p, € R? we denote by p; - - - p, the broken line
with vertices pi,...,pn. In particular p;ps denotes the segment that joins
p1 and pa.

EXAMPLE 3.9. There exists a noncontractible dendroid X (even a fan)
such that S.(X) is pathwise connected.

Proof. For each n€Nset L, =(0,0)(1,1/n)(141/n,0)(1,—-1/n)(0,—1/n).
Define Ly = (0,0)(1,0) and X = |J{Ly, : n € w}. Then X is a noncon-
tractible fan [5, p. 95].

Define X* = {(z,y) € X :y >0} and X~ = X\ XT. Set Q = {(a, F) :
a € (0,1] and F is a finite subset of N}. Further, for each (a, F) € @ define

X(a,F)=X"U{(z,y) € X 1z >a}U| J{Ln:n e F}.

Note that each X (a, F) is contractible, thus S.(X (a, F')) is pathwise con-
nected (Theorem [3.6). Hence, if we define Y = [J{S.(X (a, F)) : (a, F) € Q},
then ) is a pathwise connected subspace of S.(X).

Fix S1 € S:(X); we will show that there exists a path, in S;(X), from
S1 to some element of ). Observe that if lim S # (0,0), then S; C X (a, F)
for some (a, F) € Q. Thus, S; € Y. Also, if lim S; = (0,0) and S; N X~ is
finite, it follows easily that S; € ). Hence, from now on we will assume that
lim S} = (0,0) and S; N X~ is infinite.

Take a continuous function H : X+ x [—-1,0] — X such that

(3.3)  H(z,—1) =2  H(20) =(0,0), H((0,0),t) = (0,0)

for all z € X* and ¢ € [—1,0]. Define 8 : (X~ U {(0,0)}) x [0,1] — X by
B((x,y),t) = (x(1 —t) +t,y) if x <1 and let it be the identity elsewhere.
Finally, define 7 : [-1,1] = S.(X) by
(1) = {IC(H)((Sl NXT)x {tHu(SinX™) ifte[-1,0],
K@B)(((S1nX7)u{(0,0)}) x {t}) iftel0,1].
Using (3.3)), the continuity of H and / and our assumptions on S, one can
show that 7 is well defined. Moreover, Theorem 2.8 and Lemma [2.6] imply

that ~ is continuous. Therefore, v is a path from S; to some element of ),
as desired. m

3.3. Necessary conditions for the path connectedness of S.(X).
In this subsection, we present necessary conditions on a continuum X for
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the path connectedness of S.(X) (Corollary and Theorem [3.20), thus
giving partial answers to Question [I.1]
We point out that in the main results of this subsection, X is a continuum.
Given € > 0 and a metric space X, set C(X)={A4 € C(X) : diam(A4) <e}.

DEFINITION 3.10. Let X be a metric space and let A C C(X). We say
that A has property S uniformly (abbreviated: A has PSU) if for each € > 0,
there exists & € N such that if A € A then there exists B € [Cc(X)]<F+H!
satisfying A = |JB.

REMARK 3.11. Let X be a metric space. If ¥ C £ C C(X) and & has
PSU, then F has PSU.

Let A be a family of subsets of a set Z. For each D C Z define Ap =
{A € A: D C A}. A refinement of the family A is a family of subsets D
of Z such that Ap # 0 for each D € D.

For a metric space X, a refinement D C C(X) of A C C(X) is called a
strong refinement if {DNB:D €D, BeC(A)and A€ Ap} CC(X)U{D}.

REMARK 3.12. Let X be a metric space. Each refinement of a family A
of dendrites of X is a strong refinement of A.

LEMMA 3.13. Let X be a metric space. If A C C(X) has PSU and D is
a strong refinement of A, then D has PSU.

Proof. Let € > 0. Since A has PSU, there exists k € N such that for each
A € A there exists B € [Cc(X)]<F*! satisfying A = |JB.

Now, let D € D. Since D is a refinement of A, there exists Ap € Ap.
So, we may take B € [C.(X)]<F*! satisfying Ap = |JB. Define £ = {DNB :
B e B} \{0}. Then D = |J&. The assumption that D is a strong refinement
of A guarantees that £ € [C(X)]<¥*1. This proves that D has PSU. =

PROPOSITION 3.14. Let X be a metric space and let H(X) be a nonempty
subset of K(X) with each element zero-dimensional. Suppose that there exists
a path f:]0,1] — H(X). If for each z € f(0), there exists a path g, : [0,1]
— X such that gz(0) = = and g,(t) € f(t) for each t € [0, 1], then {g.[[0,1]] :
x € f(0)} has PSU.

Proof. Let ¢ > 0. We show that there exists £ € N such that for each
x € f(0) there exists B, € [Cc(X)]<F*! such that g.[[0,1]] = | Bs.

For each t € [0,1], let U; € €(X) be such that f(¢) € () and diam(U)
< € for each U € Uy (see Corollary [2.4)). It is clear that f[[0,1]] C U{({) :
t € [0,1]}. Since f[[0,1]] is compact, by [23] Theorem 22.5] there exists a
Lebesgue number 6 > 0 for the open cover {({U) : t € [0,1]}. Since f is
uniformly continuous, there exists J € [C([0, 1])]<“ such that [0,1] = JJ
and diam(f[J]) < ¢ for each J € J. Hence, for each J € J, thereis sy € [0, 1]
such that f[J] C (Us,). Set k = |T|.
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Now, for each x € f(0), define By = {g,[J] : J € J}. Let us show that
B, is as required. Observe that B, € [C(X)]<¥*! and ¢,[[0,1]] = UB.. To
end the proof, it suffices to show that (J{B, : z € f(0)} C C(X).

Let x € f(0). Take J € J. Then g,[J] C U f[J] € UUs,. Since g,[J] is
connected and Uy, € €(X), we have g,[J] C U for some U € Us,. Therefore,
diam(gz[J]) < €. =

LEMMA 3.15. Let X be a metric space and let A C C(X). If A does not
have PSU, then there exists D C A such that:

(1) D does not have PSU,
(2) if C C D and C is infinite, then C does not have PSU, and
(3) D is countable.

Proof. Suppose that A does not have PSU. Then there is € > 0 such that
for each k € N there exists A € A with the property that

o if B [C(X)]<F! and Ay = B, then B ¢ C.(X) for some B € B.
Let D = {4, : n € N}. It is not difficult to see that D satisfies (1)—(3). m

A uniquely arcwise connected continuum X is called uniformly arcwise
connected if for each € > 0 there is a positive integer n such that any arc
in X contains n points that cut the arc into subarcs of diameter less than e
(see [3]). The following theorem is not difficult to prove.

THEOREM 3.16. Let X be a uniquely arcwise connected continuum. The
following conditions are equivalent:

(1) X is uniformly arcwise connected;

(2) the family of all arcs in X has PSU;

(3) for each z € X, the family of all arcs in X with z as an end point has
PSU;

(4) for each z € X, there exists a family A of arcs having PSU such that
z is an end point of each element of A and X =] A.

In our next result we will use Notation 2141

THEOREM 3.17. Let X be a uniquely arcwise connected continuum. If X
is not uniformly arcwise connected, then S.(X) has exactly ¢ arc components.

Proof. Let X be a uniquely arcwise connected continuum which is
not uniformly arcwise connected. As a consequence of Lemma [3.15] The-
orem the compactness of X and Remark there exist z € X and
{zi:i€w+1} € S(X) such that D = {[z;,2] : i € w+ 1} fails PSU.

CrLAM 1. For each x € X, the set D, = {[z;, 2] U [z, 2] 1 i € w+ 1} does
not have PSU.

Since D is a strong refinement of D, for each x € X, the claim follows
from Lemma B3.13]
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CLAIM 2. For each v € X, the set & = {[zi,x] : i € w+ 1} does not
have PSU.

Suppose that &, has PSU for some = € X. Let € > 0. Let A € [Cc(X)]<%
satisfy [z,z] = |J A. Since &, has PSU, there exists K € N such that for each
i € w+ 1 there is B; € [Co(X)]“K+! with [z;,2] = UB;. Let | = |A|. Thus,
if C; = AUB;, then C; € [C.(X)]<E++1 and [z, 7] U [z, 2] = [JC;. Note that
[z;, 2] U [z,2] = [z;,2] U [z, 2] for each i € w + 1. Therefore, D, has PSU,
contradicting Claim 1.

CrLaMm 3. Let x,y € X and let € > 0. If
In €N, Vi € w+1,3B; € [C(X)]~" ([ws,y] = UB),
then
ImeN,Viecw+1,3L; € [C(X)]™ ([z, 2] = U Ls).

Suppose that there exists n € N such that for each i € w 4+ 1 there
is B; € [Co(X)]<"! with [z,y] = UBi. Let A € [Cc(X)]<“ be such that
[z,y] = JA. Let [ = | A|. For each i € w + 1 define

L; = {[xz,:c]ﬂD : DE.AUBZ}\{@}

It is clear that £; € [Co(X)]<""*+! and [z;, ] = |J £i. The proof of Claim 3
is now complete.

Since D does not have PSU, we may take € > 0 such that for each n € N
there is 4 € w + 1 such that

e if B [C(X)]<" ! and [z, 2] = |JB, then B ¢ C.(X) for some B € B.
For each 7 € N, let
Ci ={lwi, 5] : jew\ (i + 1)}
Notice that, by Claim 2 and Lemma [3.15 we may suppose that C; does not

have PSU, and by Claim 3, for each n € N there exists jo € w \ (¢ + 1) such
that

(1) if B € [C(X)]<" and [z;,2,] = B, then B ¢ C(X) for some B € B.
CLAIM 4. There exists (zn, )k C (@n)n such that for each N € N,

e ifi < N,Be[C(X)N* and [z, Tny] = UB, then B ¢ Co(X) for some
B e B.

Let n; = 1. By (), there exists ng > 1 such that [x,,,zn,] ¢ Cc(X).
Furthermore, by Lemma [3.15] we may assume that there exists [ > ngy such
that

o ifi > 1 B e [C(X)]<® and [z,,,7;] = UB, then B ¢ C.(X) for some
B e B.
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Thus, by (}), there exists n3 > ng such that for each i € {1,2},
e if B [C(X)]<® and [xp,, Tns] = UB, then B ¢ C.(X) for some B € B.

In this way, inductively, we construct a sequence (x,, ) satisfying our re-
quirements.

Finally, let S = {z,, : £ € N} U{z,} and fix L,T € S.(5) such
that (L \ T) U (T \ L) is infinite. We prove that there is no path joining
L and T in S.(X). Suppose that L\ T is infinite and that there is a path
f:10,1] = Se(X) from L to T. By Theorem for each = € L there is a
path g, : [0,1] — X such that g;(0) = = and g¢,(t) € f(t) for each t € [0, 1].
Furthermore, P = {g,[[0,1]] : = € L} has PSU, by Proposition [3.14] Let
R ={[r,9.(1)] : x € L}. Remark implies that R is a strong refinement
of P. Thus, by Lemma [3:13] the set R has PSU. Hence, there exists ng € N
such that for each x € L there is B € [Cc(X)]<"0"! with [z, g.(1)] = U B.

Suppose that there exists an infinite set M C L\ T such that g,(1) = x,
for each x € M. Since M C S, {[z,z1] : * € M} does not have PSU. By
the same argument as in Claim 2, {[z,z,]| : © € M} does not have PSU;
but this contradicts the fact that {[z,z,] : © € M} C R and R has PSU
(see Remark 3.11). Therefore, there exists z,,, € L\ T such that k > ny and
9z, (1) = &n, € T\ {2, }. Then there is B € [Cc(X)]<"0t! C [C(X)]<FH!
such that [z, ,z,,] = |JB. But this contradicts Claim 4. Thus, there is no
path in S.(X) joining L and T'. It is well known that the family £ C [N]*
such that (L1 \ L2)U (L2 \ L1) is infinite for any Ly, Ly € £ has cardinality c.
Therefore, using Remark we conclude that S.(X) has exactly ¢ arc

components. m

Our last result implies that if X is the Warsaw circle or any fan de-
fined in [4, Section 6], then S.(X) is not arcwise connected. In particular,
Theorem generalizes [10, Example 2.8] and [11, Example 3.7].

COROLLARY 3.18. Let X be a uniquely arcwise connected continuum. If
Sc(X) is arcwise connected, then X is uniformly arcwise connected.

We note that the converse of Theorem (or Corollary is not true
(see [11, Example 3.6]).

Next, we present another necessary condition for the path connectedness
of S;(X). To this end we recall some notions.

Let (Cp)nen be a sequence of nonempty subsets of a continuum X. The
limat superior of the sequence, denoted by limsup C,,, is the set of all x € X
such that there exist a sequence (xf)ren in X converging to = and a strictly
increasing sequence (ng)ren in N such that x € C,,, for every k € N. The
limit inferior liminf C,, is the set of all x € X such that there exists a
sequence (Zn)pen in X converging to x with x,, € C, for every n € N. If
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lim inf C;,, = lim sup C,, then the limit of the sequence is lim C), = lim inf C,,,
and we say that (C),)nen converges to lim C,.
A proper, nonempty, closed subset Y of a continuum X is called:

iii an R'-set if there exist U € Ty containing Y and sequences (C}),en and
(C?),,en of components of U such that Y = (limsup C}) N (limsup C2);

iii an R2-set if there exist U € Ty containing Y and sequences (C!),en and
(C?),en of components of U such that Y = (lim C}) N (lim C2);

iii an R3-set if there exist U € 7x containing Y and a sequence (C,)pen of
components of U such that Y = liminf C,.

Connected Ri-sets were studied in [7], while Ri-sets which are not nec-
essarily connected were considered in [1].

It is known that an Rf-set contained in a continuum X is an obstruc-
tion to the contractibility of the hyperspaces K(X) and C(X) [I, Corol-
lary 3.8]. Theorem below implies that this is also the case for the hy-
perspace S¢(X).

THEOREM 3.19. Let X be a continuum. If Sc(X) is pathwise connected,
then X does not contain R3-sets.

Proof. Seeking a contradiction suppose that there exists an R3-set
Y C X. Let U € 7x and let (Cy)nen be a sequence of components of U
such that Y C U and liminfC,, = Y. Fix p € Y and let (py)nen be a
sequence in X such that limp, = p and p, € C, for every n € N. Set
S = {p} U{pn : n € N}. Notice that S € S.(X).

Now, let @ € S.(X) be such that @ C X\ Y. Our assumption guarantees
that there is a path « : [0,1] = S.(X) from S to Q. Set T' = {t € [0,1] :
JkeN (at)NC, #0 for alln > k)} and s =supT.

Cramm 1. {lima(t) :t€T} CY.

Let t € T. Then there exists k € N such that a(t) N C), # 0 for all n > k.
Let (zp)nen be a sequence in X such that z, € a(t) N C, if n > k and
xn € Cp if n < k. Thus, lim x,, = lim a(t). The inclusion lim z,, € liminf C),
then implies that lim a(¢) € Y. This ends the proof of the claim.

CrLamM 2. 0 < s < 1.

First, recall that «(0) = S C U. From the continuity of «, there exists
t1 € (0,1] satisfying «[[0,t1]] € ({U}). We shall prove that [0,¢1] C T.
Let t € [0,¢1] and n € N. Since p,, € «(0), by Theorem there exists
a mapping A, : [0,t] — X satisfying A\,(0) = p, and A\, (r) € «o(r) for all
€ [0,t]. Observe that A,[[0,¢]] is a connected subspace of |J«[[0,t]] C U
and p, € A\,[[0,t]] N Cy. Hence, A\,[[0,t]] € Cp. Then A\, (t) € Cp N ay(t).
This implies that ¢t € T. We conclude that 0 < t; < supT.
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Second, the continuity of o and the fact that a(1) = Q C X \ Y ensure
the existence of to € [0,1) with «[[t2,1]] € ({X \ Y}). Let us argue that
[t2, 1] N'T = (). If ¢ were an element of [ty,1] N T, the choice of ¢t would
imply that a(t) € X \ 'Y and Claim 1 would guarantee that lima(t) € Y,
a contradiction. Therefore, [t2,1]NT = () and we infer that supT < t5 < 1.
Our claim is proved.

Finally, let V € €(X) be such that (i) a(s) € (V). (see Proposition
and (ii) if V € V is such that V.NY # (), then V C U. From the fact
that « is continuous, the choice of s and Claim 2, it follows that there exist
s1,82 € [0,1] such that s € (s1,s2), s1 € T, so ¢ T and a[[s1,s2]] C (V).
Since s2 ¢ T, there exists an infinite subset J of N such that a(s2) NC,, =0
for each n € J. On the other hand, Claim 1 and the choice of s; guarantee
that lima(s;) € Y. Let V' € V be such that lima(s;) € V. Then by the
choice of V we have V C U. Claim 1 and the inclusion s; € T ensure the
existence of n € J such that a(s1) NC, NV # 0. Fix y € a(s1)NC,NV.
Now, by Theorem there exists a mapping p : [s1,s2] — X such that
p(s1) =y and p(r) € a(r) for each r € [s1, s2]. Then p[[s1, s2]] is a connected
subspace of |Ja[[s1, s2]] € |JV and hence p|[[s1,s2]] € V C U. This implies
that p[[s1, s2]] C Cy, a contradiction. =

The proof of our next result follows from the previous theorem and the
facts that each R2-set is an R3-set I, Theorem 2.3, p. 310] and each R'-set
contains an R3-set [I, Corollary 2.5, p. 310].

THEOREM 3.20. Let X be a continuum. If S.(X) is pathwise connected,
then X contains no R'-sets for any i € {1,2,3}.

We note that the converse fails (see [10, Example 2.8]). On the other
hand, in [I1, Example 3.6] the authors exhibited a dendroid X that contains
an R'-set and they proved that S.(X) has exactly ¢ arc components. Hence,
the following question seems natural and interesting (cf. Theorem [3.17)).

QUESTION 3.21. Let X be a continuum that contains an R'-set for some
i €{1,2,3}. Is it true that S.(X) has exactly ¢ arc components?

In this connection, in [11, Question 3.8] the authors asked if S.(X) can
have only a finite (but more than one) or even a countable number of arc
components for an arcwise connected space X. Observe that Theorem [3.1
gives a partial answer to this question.

Further, as a consequence of Corollary and Theorem [3:20] we have
the following result and another interesting question.

COROLLARY 3.22. Let X be a uniquely arcwise connected continuum (e.g.
a dendroid). If S.(X) is arcwise connected, then X is uniformly arcwise
connected and contains no R'-sets for any i € {1,2,3}.



PATH CONNECTEDNESS OF S¢:(X) 199

QUESTION 3.23. Is the converse of Corollary[3.22] true? In other words,
do the uniform arc connectedness and the absence of R'-sets characterize
the arc connectedness of S.(X) when X is a uniquely arcwise connected con-
tinuum?

In particular:
QUESTION 3.24. What about Question when X is a dendroid?

A nonempty subset A of a space X is said to be homotopically fized if
for each mapping h : X x [0,1] — X such that h(x,0) = x for every x € X,
we have h[A x [0,1]] C A. Since each R’-set is homotopically fixed [I, The-
orem 3.2], it is natural to ask if the condition “X does not contain R'-sets”
in Theorem [3.20] can be replaced with “X does not have homotopically fixed
subsets”. This is not so: the continuum defined in [6, Example 5| contains
a homotopically fixed degenerate subset, does not contain Ri-sets and its
hyperspace of nontrivial convergent sequences is pathwise connected, as we
now show.

EXAMPLE 3.25. There exists a continuum X having a homotopically
fixed subset such that S.(X) is pathwise connected. In particular, X does
not contain R’-sets.

We recall the construction of X in [6, Example 5| for completeness. In
the Euclidean plane, let a = (0,1), b = (0,0), ¢ = (0,—1), and for each
n,m € N let

an=(27%"1), b,=(27°",0), c,=(27 G 1), d,=(276""Y 1),

b = (272" (1= 270") 0), b, = (2771427, 0),

Crm = (2—(3n+1)(1 - 2—(m+3)), _1)7 dn,m _ (2—(371—1)(1 + 2—(m+3)), _1)_
Observe that a, — a, b, = b, ¢, — ¢ and d,, — ¢ as n — oo; further, for
any fixed n € N, we have b, ,, — by, b’n’m — bn, cpm — ¢ and dp ;m — dp

as m — oo.
For each n € N, set

Qn = anbucn Ubndn U (| @nbrmcnm ) U (| @nblymdnm)

meN meN
(see Notation. Next, define Y = caa; U{J,cy @n and let Y be the image
of Y under the central symmetry 7 with respect to the origin b = (0,0).
Finally, set X =Y UY". Notice that {b} is homotopically fixed.
In order to prove that S.(X) is pathwise connected, define
Y={SUL:S€eS8.(YUnrlaa1]) US.(Y' Uaay), L € [X]*“}.

The path connectedness of X, the contractibility of Y Un[aai] and Y/ Uaay,
Theorem [3.6 and the fact that S.(Y U m[aa1]) N S.(Y' Uaay) # 0 guarantee
that ) is pathwise connected.
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Now fix S € S:(X) \ Y. We will find a path in S.(X) joining S to an
element of V. To this end observe that

(1) fneN:8SNQ, # 0} =w=|{n e N: SN7[Qn] # 0};

thus, lim S € ca. Since both X and ) are symmetric with respect to the
origin, we may assume that

(1) im S € cb.
Let p : X —[—1, 1] be the second coordinate projection. Define A : S\aa; — X

v itzep (-1},
c if x € ac,
Cn if x € apb,cy, for some n € N,

MNz)=<d, if x € byd, \ {by} for some n € N,
Cnm  if © € apbp e m for some n,m € N,

dnm  if 2 € apby, p,dn m for some n,m € N,

m(an) if y € m[@Qy] for some n € N.

Conditions () and (I) give A[S\aa1] € S.(Y Um[aa,]) and the continuity of \.
Next we define a function H : S x [0,1] — X. Let (z,t) € S x [0,1]. If
p(x) ¢ {—1,1}, let H(x,t) be the unique point in the arc [z, A(x)] whose sec-
ond coordinate is p(z)—t(1+p(x)) (see Notation[2.14). If p(z) € {—1, 1}, sim-
ply define H(z,t) = x. Using (f) one can show that H is continuous. Hence,
(1) and Theorem [2.8 imply that the function « : [0,1] — S.(X) given by

a(t) = K(H)(S x {t}) = H[S x {t}]
is well defined and continuous. Thus, « is a path in S;(X) from S to some

element of Y. This shows that S.(X) is pathwise connected.
Finally, X contains no R'-sets for any i € {1, 2,3} by Theorem [3.20

4. Local path connectedness. In this section we characterize the local
path connectedness of the hyperspace S.(X) in terms of that of X (Corol-
lary . This allows us to provide another answer to Problem (Corol-

lary :4.10 ).

LEMMA 4.1. Let U be a finite cellular family of a space X. For each
U €U define Qu = {S € U). : limS € U}. Let U,V € U contain arcs
Ay and Ay, respectively. If x, € Ay and y,, € Ay, then there exists a path
v :[0,1] = Qu U Qv such that im~(0) = z,, and lim~(t) = y, for each
t € (0,1]. In particular, v(0) € Qu and v((0,1]) C Qv .

Proof. Fix S € S.(Ay) such that lim S = x,, and let S = {z,, : n € w+1}
be an adequate enumeration of S. For each n € N denote by Z,Z,;1 the
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subarc of Ay with end points x,, and z,y1. Pick a path «, : [n%rl, %] —
TnTnt1 such that a,(1/n) = z, and O‘n(%ﬂ) = Tp41. Similarly, take {y, :
n€w+1} € S.(Ay) and for each n € w denote by 7,7, 11 the subarc of Ay
with end points y, and y,+1. Also choose a path 3, : [n%_l, %] — UnUn+tl
such that 5,(1/n) = y, and Bn(n%rl) = Yntl-

For each W e U\ {U,V} fix xyy € W and set Z = {zw : W ¢ {U,V}}.
Define 7 : [0,1] = Qu U Qv by

{Zm :m < n}U{a,(t)}
y(t) = U{ym :m>n+1}U{B()}UZ ifte [A, 1],
{tm mew+1} U{y,}UZ ift =0.

Then -y is well defined and using |21, Theorem 18.3, p. 108] and Lemma
one can show that it is continuous in (0, 1]. To check that 7 is continuous at
t = 0, fix a finite cellular family W such that {z,, - m e w+ 1} U{y,} UZ
is in (W).. Let Wy, W7 € W be such that z,, € Wy and y,, € Wy; further,
choose N € N satisfying |~y TnZnr1 € Wo and U,y Un¥nr1 € Wi.
Hence, if t € [0,1/N) a routine argument shows that v(t) € (W), and
thus ~ is continuous. Finally, it is immediate to see that lim~(0) = z,, and
lim~(t) =y, for each t € (0,1]. =

THEOREM 4.2. Let X be a space and U a finite cellular family whose
elements are pathwise connected. Let x,y € X be such that X is first count-
able and locally pathwise connected at both x and y. If Sy, Sy € (U). with
lim S, = « and lim S, = y, then there exists a path in (U). from Sy to Sy.

Proof. Let U, U, € U be such that x € U, and y € U,. We consider two
cases.

Case 1: U, = Uy. Fix U € U\ {U,}. In this case the cellularity of U
implies that both S, NU and S, NU belong to F(U). Hence, by Remark
we may take a path ¢y : [0,1] = F(U) from S, NU to S, NU.

Notice that S, N U, € S.(U,). Let A C U, be an arc that contains both
z and y (Theorem and let A;, A, € Sc(A) be such that limA, =«
and lim A, = y. According to Corollary the sequences S, N U, and
A, can be joined with a path in S.(U,). Similarly, S, N U, and A, can
be joined with a path in S.(U,). Moreover, by [10, Corollary 1.5], A, and
A, can be joined with a path in S.(A) C S.(U,). Thus, there exists a path
v, : [0,1] = S:(Uy) from S;NU, to Sy NU,. Finally define o : [0,1] — (U).
by a(t) = U{eu(t) : U € U}. Lemma [2.6) guarantees that « is a path in ().
joining S, and S,.

CASE 2: U, # U,. Using Theorem and Lemma one can show
that there exists a path v : [0,1] — (). such that lim~(0) = = € U, and



202 J. CAMARGO ET AL.

lim~v(1) =y € Uy. By Case 1 there exist paths in (i), from S, to v(0) and
from Sy to v(1). The result follows. m

COROLLARY 4.3. Let X be a first countable space. If X is locally pathwise
connected, then so is Sc(X).

Proof. Fix S € §.(X) and a finite cellular family I/ such that S € (U);
since X is locally pathwise connected, by Lemma 2.1| we may assume that all
elements of U are pathwise connected. Applying Theorem we conclude
that (U). is pathwise connected. m

COROLLARY 4.4. Let X be a first countable space. If X is pathwise con-
nected and locally pathwise connected, then S.(X) is pathwise connected and
locally pathwise connected.

Proof. Apply Theorem[.2]to U = {X} to deduce that S.(X) is pathwise
connected. m

Since locally connected continua are pathwise connected and locally path-
wise connected [22, 8.23 and 8.25, pp. 130-131], we obtain the following result.

COROLLARY 4.5. If X is a locally connected continuum, then Sc(X) is
pathwise connected and locally pathwise connected.

The first countability assumption in Corollary is too restrictive, as
our next example shows.

EXAMPLE 4.6. Given a cardinal x endowed with the discrete topology,
consider the topological product X = [0,1] x k and set F' = {0} x k. The
hedgehog of k spines, denoted by J(k), is the quotient X/F, i.e., the topo-
logical space obtained by collapsing F' to a single point.

Note that J(w) is pathwise connected and locally pathwise connected,
but it is not first countable. Nevertheless S.(J(w)) is pathwise connected, as
we now show. Given S € S.(J(w)), there exists n € w such that S C J(n).
Hence, if S, R € S.(J(w)), then S, R C J(m) for some m € w. Since S.(J(m))
is pathwise connected |10, Lemma 1.8], so is Sc(J(w)).

Corollary [.4] states that the path connectedness, together with the local
path connectedness of a space X, is a sufficient condition to obtain the path
connectedness of S.(X) among first countable spaces. Nevertheless, local
path connectedness is not necessary for the path connectedness of S.(X),
as the cone over the Cantor set shows (see Theorem . The path con-
nectedness of X is however necessary (Theorem . Hence, the problem
of finding necessary and sufficient conditions on a space X for S.(X) to be
pathwise connected seems interesting and remains unsolved.

LEMMA 4.7. Let X be a space. If S.(X) is locally pathwise connected at
some element, then X contains an arc.
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Proof. By assumption, there exists a pathwise connected neighborhood V
of S for some S € S.(X); hence we may take a finite cellular family W
such that S € W), C V. Set p = lim S and let W € W contain p. Take
z € (SNW)\ {p} and define R = S\ {z}. Since S,R € (W), C V there
exists a path o : [0,1] — V from S to R. According to Theorem there
exists a path v : [0,1] = X from z to R C X \ {z}. The result follows from

Theorem applied to v[[0,1]]. =

THEOREM 4.8. Let X be a space. If Sc(X) is nonempty and locally path-
wise connected, then so is X.

Proof. Fix ¢ € X and an open subset W of X that contains ¢. Since
X contains an arc (Lemma [4.7), we may take S € S.(X) such that ¢ €
S\ {lim S}. Let Uy and Uz be disjoint open sets with ¢ € Uy C W and
S\ {q} C Us.

Since S € ({Uy, Ua}), there exists a pathwise connected set V such that
S € int(V) €V C ({Uy,Us})c. Lemma 2.7 shows that Uy N Jint()V) is open
in X and ge UyNYint(V) CU; NYY C W.

It suffices to prove that each point of U; N JV may be connected with ¢
by a path contained in U; N |JV. To this end fix p € U; N{JV and pick
Sp € V such that p € S,. Also, let o : [0,1] = V be a path from S, to S.
According to Theorem there exists a path v : [0,1] — [J([0,1]) such
that v(0) = p and (1) € S. Observe that v([0,1]) € JV C U; U Us.
The fact that U3 N Uz = 0 and the connectedness of ([0, 1]) imply that
v([0,1]) C UyNY V. Finally, since y(1) € SNU; we have (1) = q. Therefore,
Ui NJV is pathwise connected. =

Our next two characterizations follow from Corollary Theorem [4.8
Corollary [£.4) and Theorem [2.10}

COROLLARY 4.9. The following conditions are equivalent for a first count-
able space X with nonempty hyperspace Sc(X):

1 X 1s locally pathwise connected;
it Sc(X) is locally pathwise connected.

COROLLARY 4.10. The following conditions are equivalent for a first
countable space X with nonempty hyperspace Sc(X):

i1 X is pathwise connected and locally pathwise connected;
it Sc(X) is pathwise connected and locally pathwise connected.

QUESTION 4.11. Can the first countability assumption be removed in

Corollary or Corollary [£10]?

5. Contractibility. In this section we prove that S.(X) is contractible
whenever X is a nondegenerate connected subspace of a tree (Definition |5.2)).
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In the proof of our next result, for a subset S of R and a real number ¢
we denote by ¢S the set {tz : z € S}.

THEOREM b5.1. If X is a space of the form (a,b), (a,b] or [a,b], then
Sc(X) is contractible.

Proof. Without loss of generality (and for simplicity) we will assume that
—2<a<0<1l<bg2.

CLAIM. The set X ={S € S;,(X) : 1 € S} is contractible.
Consider the function H : X} x [0,1] — &} given by

H(S.1) = tSuU{1/2k=t ke {1,...,n}} ifte[1/2",1/2" ] and nEN,
{0y u{1/2k 1 ik e N} if t = 0.

The fact that H is well defined follows by recalling that 1 € S for all S € A}
and noting that 1/2™ € (1/2™)S for each n € N. Moreover, one can easily
show that H is continuous in &; x (0, 1].

To prove that H is continuous at all elements of X} x {0}, fix S € X and
let U be a finite cellular family such that {0} U {1/2*"!: k € N} = H(S,0)
€ (U)e. Let U € U contain 0 and pick N € N such that [-2/2V,2/2V] C U.
Fix (S1,t) € &1 x[0,1/2"). Observe that tS; C (1/2V)[a,b] C [-2/2V,2/27]
C U. A straightforward argument gives H(S1,t) € (U).. This implies the con-
tinuity of H. Finally, since H(S,0) = {0}U{1/2*"1 : k € N} and H(S,1) = S
for all S € A}, the claim is proved.

Now define M : S;(X) — X by M(S) = maxS. Note that M is
continuous. Then G : S.(X) x [0,1/2] — S.(X) given by G(S,t) = S U
{(1—2t)M (S)+2t} is a homotopy such that G(S,0) = S and G(S,1/2) € &}
for all S € S.(X). Further, by the Claim we may take Sy € X} and a homo-
topy G1 : X1 % [1/2,1] — AX; such that G1(S,1/2) = S and G1(S,1) = Sp
for all S € X). Define G : S¢(X) x [0,1] — S.(X) by

Cal(S,8) = {G(S,t) ?ft e [0,1/2],
G1(G(S,1/2),t) ifte[1/2,1].

It follows easily that G is a contraction in S¢(X). m
In the rest of this section we will use Notation 214l

DEFINITION 5.2. By a tree we mean a connected union of finitely many
arcs which contains no simple closed curves.

Given a tree X and z € X, we say that x is an end point of X if x does not
separate any arc in X that contains it. Moreover, x is a ramification point
of X if x is the common end point of three arcs in X that are otherwise
disjoint. The symbols E(X) and R(X) will denote the sets of end points and
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of ramification points of X, respectively. It is easy to see that both E(X)
and R(X) are finite.

Moreover, for each p € X we will consider the partial order given by
z <pyifaelpy]\{y} Of course, z <, y will mean that either z <, y or
x=y.

THEOREM 5.3. If X is a tree and Y is a nondegenerate connected subset
of X, then S.(Y) is contractible.

Proof. Observe that Y is pathwise connected. Fix p € (intx Y) \ R(X)
and let H : X x [0,1] — X be a homotopy such that (i) H(z,0) = p,
(ii) H(z,1) = z and (iii) H(H(x,s),t) = H(x,st) for each x € X and
s,t € [0,1] (see [9, Theorem I-2-E, p. 549| and [9, Remark before Theorem
I1-3-B, p. 558|). Using the last condition one can show that

(5.1) H(z,s) <, H(x,t) whenever s <tand z € X\ {p}.
Given z1,z2 € X such that x; <, x9, there exists s € [0,1) such that z; =
H(zo,s). If t > 0, it follows that H(x1,t) = H(H (x2,s),t) = H(x2,st) <,
H(zo,t); thus
(5.2) if x1 <px2, then H(zy,t) <, H(xg,t) for all ¢t € (0,1].
Let V' be a neighborhood of p in X such that V is an arc contained in Y
and let tog > 0 be such that H[X x [0,tg]] C V. According to Theorem
we may take Sp € S.(V') and a homotopy G : S.(V') x [0, o] — Sc(V') such
that G(S,0) = Sy and G(S,tp) = S for all S € S.(V). Use Theorem to
define G : S.(Y) x [0,1] — S.(Y) by

(A;( - {IC(H)(S x {t}) if ¢ € [to, 1],

D Z G H)S x {to}) 1] if t € [0,10).

The facts that X is a tree and Y is pathwise connected and (j5.1]) guarantee
that (H)(S x {t}) CY for all (S,t) € S.(Y) x [0,1]. To see that G is well

defined fix S € S.(Y) and let {y, : n € w+ 1} be an adequate enumeration
of S. Since H(yn,t) converges to H(y.,t) for each t € [0, 1], we infer that

(6.3) K(H)(S x {t})=H[S x {t}] e FY)US.(Y) for eacht € [0,1].

The set E(X) is finite, so we may fix e € E(X) such that SN|[p, €] is infinite.
Then (5.2) implies that H[(S N [p, e]) x {t}] is infinite as well, for each ¢ > 0.
Thus (5.3) yields K(H)(S x {t}) € S.(Y) for each ¢ > 0 and therefore G is

well defined. Finally, using Theorem [2.8]it is easy to see that Gisa homotopy
such that G(S,0) = Sy and G(S,1) = S for each S € S.(YV). =

The following question arises naturally.

QUESTION 5.4. Let X be a dendrite. Is Sc(X) contractible?
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Let Ag = [0,1] x {0} and for each n € N let A,, be the segment in the
plane that joins (0,0) and (1,1/n). Define X = [J{A, : n € w}. Any space
homeomorphic to X is known as a harmonic fan.

QUESTION 5.5. Let X be a harmonic fan. Is Sc(X) contractible?

More generally:

QUESTION 5.6. Let X be the cone over a space Y. Is S.(X) contractible?
QUESTION 5.7. Let X be a simple closed curve. Is S.(X) contractible?

As a consequence of Corollary Theorem and the fact that each
contractible space is pathwise connected, we have the following two results
(cf. [6, Corollary 4]).

COROLLARY b5.8. Let X be a uniquely pathwise connected continuum. If
Sc(X) is contractible, then X is uniformly pathwise connected.

COROLLARY 5.9. If a continuum X contains an R'-set for some i €
{1,2,3}, then S.(X) is not contractible.

6. Whitney blocks and Whitney levels. Let X be a compactum
(i.e. a compact metrizable space). A Whitney map is a continuous function
w: CL(X) — [0,00) that satisfies the following conditions:

e w(A) <w(B) for any A, B € CL(X) such that A C B;
e w(A)=0if and only if A € Fi(X).

Note that the compactness of CL(X) allows us to assume that w takes values
in [0, 1].

THEOREM 6.1 (|14, Theorem 13.4]). If X is a compactum, then there is
a Whitney map for CL(X).

Given a Whitney map w: CL(X) — [0, 1], a Whitney level for Sc(X) is
a set of the form (w|s,(x)) ' [{t}], and a Whitney block for Sc(X) is a set of
the form (w|SC(X))_1[[7“, t]], where 0 <r <t <1.

In this section we study the connectedness of Whitney blocks and Whit-
ney levels for S¢(X).

6.1. An auxiliary result. The result below will be used in Proposi-
tion As a by-product we obtain a model for the hyperspace S.(w + 1).

PROPOSITION 6.2. Let C = {0,1}* be the Cantor set, C,, = {(a;)icw € C :
a; = 1 for infinitely many i} and define ¢: C,, — Sc(w + 1) by p((as)icw)
={i:a; =1} U{w} for each (a;)icw € Cu. Then ¢ is a homeomorphism.
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Proof. 1t is not difficult to see that ¢ is a bijection. We show that ¢ is
continuous. Fix U € [r,41]<¥. Let (ai)icw € @ U], e, {i : a; = 1}
U{w} € (U)c. Let U € U be such that w € U. Then there exists ny € w such
that ¢ € U for each ¢ > ng. Define

W = {(bi)iEw €C, : b; = a; for each i € {0,... ,no}}.

Notice that W is open in C, and (a;)ic, € W C ¢ [(U).]. Thus, ¢ is
continuous.
Now, we prove that ¢ is open. For n € N and ¢, ..., ¢, € {0,1} set

Ulcoy.--ycn) = {(bi)i@ €C,:b;=c; for each i € {O,...,n}}.

Let R € ¢[U(co,...,cn)] and denote {ly, ... ,l;} = {m:m e RN{0,...,n}}.
Let V; = {l;} for each i € {0,...,j} and Vj41 = {m :m > n+ 1} U {w},
which are open subsets of w + 1. If ¢; = 0 for each i, then we see directly
that R € (Vj31)F C ¢[U(co, ..., cp)]. Otherwise, let V = {Vj,..., Vj11} and

observe that R € (V). C ¢[U(cy,...,cn)]. Hence, ¢ is open. m

REMARK 6.3. Denote by I the space of irrational numbers. Recall that
if X is a nonempty Polish space (i.e. separable and completely metrizable),
which is zero-dimensional and whose compact subspaces all have empty in-
terior, then X is homeomorphic to I [I5, Theorem 7.7|. Therefore, Propo-
sition implies that S.(w + 1) is homeomorphic to I. This was shown
independently in |12, Theorem 2.2|, but the argument above is simpler.

6.2. Main results
THEOREM 6.4. If X is a continuum and w: CL(X) — [0, 1] is a Whitney
map, then (w|s,(x)) " [{t}] # 0 for each t € (0,1).

Proof. Since X is a continuum, it is clear that S.(X) is dense in CL(X).
Furthermore, S.(X) is connected by [I8, Theorem 4.2]. Therefore, w(S.(X))
is connected and dense in [0, 1]. =

In the following proposition we prove that there exists a Whitney map
for S¢(w + 1) whose image is (0, 1] (cf. Theorem [6.4)).

PROPOSITION 6.5. There exists a Whitney map p: CL(w + 1) — [0,1]
such that il g, w41): Se(w + 1) — (0,1] is a bijection.

Proof. Tt is well known that f: C — [0, 1] defined by

oo
a;

2i
=1

f((ai)iew) =

is continuous and onto [8] 3.2.B, p. 146]. Furthermore, f|c,: C, — (0,1] is a
continuous bijection.
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Let ¢: C,y = Sc(w+1) be as in Proposition [6.2]and define v: S.(w+1) —
(0,1] by v = f oo~ !. Then v is a continuous bijection. Observe that

clepn)(Se(w +1)) = Se(w+ 1) U{Ad e Flw+1):we A}

Let H = Sc(w+1)U{A € F(w+1) : w € A}. Note that for each
A € F(w+ 1) such that w € A, there exists a natural continuous extension
of v to Se(w + 1) U {A}. Thus, there exists a continuous v': H — [0, 1] such
that v'[s,(4+1) = v by [8, 3.2.A(b), p. 146]. It is not difficult to show that v’
is a Whitney map. Therefore, by [14, Theorem 16.10], there exists a Whitney
map p: CL(w + 1) — [0, 1] such that g, g1y =v. =

The proofs of our next two results are very similar to those of [I8]
Lemma 4.1 and Theorem 4.2]. We include the arguments for completeness.

LEMMA 6.6. Let X be a continuum, let p: CL(X) — [0,1] be a Whitney
map and let t € (0,1). If S, P € S(X) are such that S € (u|s, ) [[t,1)],
S C P, and P\ S is finite, then S and P belong to the same component of
(tls.) 7 IIE, D))

Proof. Set n = |P\ S| and define ¢ : F,(X) — S.(X) by ¢(A) =S U A
for each A € F,(X). The continuity of ¢ is a consequence of Lemma
Since S C ¢(A) for each A € F,(X), we have ran(p) C (uls, ) [[t,1)].
Now, by |20, Theorem 4.10, p. 165], F,,(X) is connected, hence so is ran(yp).
Finally, observe that S, P € ran(¢p). This implies that S and P belong to the
same component of (s, () [[t,1)]. =

THEOREM 6.7. Let X be a continuum and let pu: CL(X) — [0,1] be a
Whitney map. Then (u|s,(x)) ([t 1]] is connected for each t € (0,1).

Proof. Let Q,R € (M\SC(X))*l[[t, 1]]. We denote by C the component of
(1ls.(x)) " H[t, 1]] that contains Q. Fix z € X\ (RUQ). Observe that RU{z} €
(1ls.x))"H(E,1]]. Let {r; : i € w+ 1} and {g; : @ € w+ 1} be adequate
enumerations of R and @, respectively.

For each j € N, let Fj = {ry,,x}U{r; : i < j}. Note that each F; € CL(X)
and lim;_,o F; = RU {x} . This guarantees that there exists jo € N such
that {F} ] > jo} € ' [(t, 1))

For each k € N define Q; = (Q \ {q1,--.,q}) U Fjo4r . Then Q €
(M|SC(X))*1[(t, 1]]. Using Lemma twice, we find that Q U Fj 4 € C and
thus Q. € C. Hence, since (Qg)ren converges to RU{x, q,}, we deduce that
RU{x,q,} € C. Therefore, the fact that R € C follows from Lemma .

THEOREM 6.8. There exist a Whitney map p: CL(J) — [0,00) for an
arc J and t > 0 such that (p|s,.)) " [0,t] and (uls,.r) *[{t}] are not
connected.

Proof. Let J = {(z,y) : max{|z|, |y|} = 1, y < 2|z|}. We shall prove that
the Whitney map for CL(J) defined in [I4] 13.5, p. 108] has the required
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properties. For completeness, we recall the construction of u : CL(J) —
[0, 00).

First, for a subset A of J, the symbol F,(A) represents [A]<"*1\ {0}.
Now, fix A € CL(J). For any n € N — {1}, define A\, : F,,(A) — [0,00) as
follows: for each K € F,(A), say K ={a1,...,an}, let

A (K) = min{d(a;,a;) : i # j}
(in particular, if |K| = 1 then \,(K) = 0). Next, for each n € N\ {1}, let
pn(A) =lub{\,(K) : K € F,(A)}. Finally, let
p(A) = 217" (A).
n=2
Let us argue that (uls,(s)""[[0,9/8]] is not connected by proving that

there exists a nonempty proper closed open subset of (y|s,( J))_l[[O,Q/ 8]].
Set

U = ((=3/4,-1/2] x {1},[1/2,3/4) x {1}) N (uls. (7)) ~*[[0,9/8]],
V = ([-5/8,~1/2] x {1},[1/2,5/8] x {1}) N (uls,(.) 1[0, 9/8]].

Notice that U is a nonempty proper open subset of (uls, )" [[0,9/8]], V is
a nonempty proper closed subset of (y]s,(s)*[[0,9/8]] and V C U. To end
the proof, it suffices to show that U C V.
Let S € U. We will see that SN((—3/4, —1/2]x{1}) C [-5/8, —1/2]x{1}
and S N ([1/2,3/4) x {1}) C [1/2,5/8] x {1}. Suppose that there exists
€ (SN((—=3/4,—1/2] x{1}))\([-5/8,—1/2] x{1}). Take y € SN([1/2,3/4)
x {1}). Then \,({z,y}) > 9/8 for each n > 2. Hence, u,(S) > \n({z,y})
> 9/8, and so u(S) > 9/8, a contradiction. Similarly, we can prove the other
inclusion. Therefore, S € V and U C V.
The conclusion on (uls,(s))~'[{9/8}] follows directly from the fact that
U N (uls,) '[{9/8}] is a nonempty proper closed open subset of

(tls.n) H{9/8}]. =

Recall that a continuous function f : X — Y is monotone if its fibers are
connected.

In our last result, H(A, B) denotes the Hausdorff distance between A
and B [14], Definition 2.1].

THEOREM 6.9. Let X be a continuum and let u be a Whitney map for
CL(X). If (pls.x)) ' (t) is connected and {A € p~'(t) : ({A})e # 0} is
dense in =t (t) for each t € (0, (X)), then u is monotone.

Proof. Fix t € (0,u(X)). First, we shall show that {A € u~1(¢) :
({A})e # 0} C clepix) (s, x) H(E).
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Let A € u~1(¢) be such that ({A}). # 0 and let ¢ > 0. Take a com-
ponent C' of A. Then C' # X. So, there exists a subcontinuum D of X
satisfying C € D C N(g,C). Choose p € D \ A. Since F(A) is dense in
CL(A), there exists B € F(A) such that u(BU{p}) >t and H(A, B) < e.
Fix S € ({A})c. Set @ = SUB. Observe that Q € ({A}). and u(QU{p}) > t.
Define g : D — S.(X) by g(z) = Q U {z}. Notice that H(A,g(z)) < ¢ for
each z € D, u(g(y)) < u(A) =t for each y € A and u(g(p)) > t. Thus, the
connectedness of D implies that there exists z € D satisfying u(g(z)) = t.
This proves that A € cleg(x) (uls.(x)) ™" (£).

Finally, our assumption that {4 € p=1(¢) : ({A}). # 0} is dense in p=1(¢)
guarantees that p1(t) = cleg(x) (uls.(x)) "' (t) and so p~ 1 (t) is connected. m
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