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a  b  s  t  r  a  c  t

Effectiveness  factors  have  great  relevance  in  multiphase  reactors  modeling  since  they  are  the conven-
tional  way  of incorporating  the effects  of  intra-particle  resistance  reaction  rate.  This  work  determines
the  description  level  effect  of catalytic  pellet  microstructure  on mass  and  energy  effective  transport
coefficients  prediction,  isothermal  and  no isothermal.  For  such  a purpose  some  results  about  on  eval-
uation  of  the  effective  diffusivity  and  conductivity  with  the  methodology  of  volume  averaging  were
applied.  The  obtained  results  along  with  a Langmuir–Hinshelwood/Hougen–Watson  kinetic  expression
were  applied  to establish  the  concentration  and  temperature  fields  in a catalytic  particle.  The evalua-
tion  of  concentration  field  and  effectiveness  factors  were  developed  using  two  different  models:  pseudo-
homogeneous  mass  and  energy  transport  model  for  a catalytic  particle  with  reaction  in all domain,  and
heterogeneous  mass  and  energy  transport  model  with  fluid-catalytic  surface  interphase  reaction  for a
realistic  porous  structure  model.  The  results  show  the  differences  in  concentration  and  temperature  pro-
files between  both  models  and  consequently  in  effectiveness  factors.  This  could  be ascribed  to the  form  of
evaluation  of  effective  transport  coefficients  used  in  the  pseudo-homogeneous  model,  and  presumably
to  the  simple  shape  of  the  unit  cells  used  for the  solution  of  the  closure  problem  for  the  average  transport
equations  with  homogeneous  reaction.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

The development of modeling techniques for the description
of diffusion and reaction in heterogeneous catalysis represents a
challenge, mainly due to the limitations of the classical pseudo-
homogeneous representations [1–3]. These macroscopic models
for diffusion-reaction processes can only implicitly account for the
geometrical features of real pore spaces [3–5]. For instance, the
standard modeling approach is to consider the catalyst particle as
a pseuhomogeneous system where reactants and products can dif-
fuse (molecular or Knudsen diffusion) and react according to a given
effective transport coefficient and an intrinsic reaction mechanism.
Effective transport coefficients are then required for the evaluation
of concentration and temperature fields and transport process that
take place in complex porous media. Actually, these coefficients
are of paramount importance to characterize the mass and
energy transport towards and inside the catalyst. Its experimental
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determination, however, is still challenging. In addition, such mea-
surements are relatively expensive and time-consuming. It has
also been recognized that effectiveness factors exhibit a complex
dependence on the pore-level structure of the media [6]. Since the
details of the pore-scale flow-pattern in the porous medium can-
not be captured due to the macroscopic nature of the experimental
approach, numerical and theoretical approximations have been
reported with complex pore geometries that resemble more closely
the real porous-media structures, i.e. ordered or random pack-
ing of different geometric configurations, such as square blocks,
spheres, cylinders and parallelepipeds [7–11]. These geometries
have been used to reconstruct the pore structure. In addition, Sapo-
val and co-workers [3] found that one can erroneously estimate
the effectiveness factor of a catalyst if the geometrical homo-
geneities of the active surface are not properly considered. It is
worth mentioning that in that study, the analysis of only one pore
was considered, for which a complex geometry through fractal
structures was  built up. A revealing study [12] shows the impor-
tance of a realistic representation of the complex structure of
the porous medium in the determination of effective transport
coefficients. In such a work it was concluded that the porous
media whose micro-structure was  represented with regular unit

0920-5861/$ – see front matter ©  2013 Elsevier B.V. All rights reserved.
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cells does not describe the dispersion in a real porous medium.
In studies related to theoretical prediction of effective transport
coefficients [8–11] based on the volume averaging methodology,
the periodic representation of the micro-structure of the porous
medium has been found to be important. This representation of
porous structure is motivated by computational limitations, and
therefore it is desirable to develop a representation that cap-
tures the relevant aspects of the medium, as simple as possible
though.

Despite the attempts [12–16] too make use of more realistic
representations of the porous medium for the evaluation of trans-
port coefficients, in some way or another it has been appealed
to significant simplifications. In this sense, the used periodic uni-
tary cells cannot be so complex because this makes difficult to
maintain the periodicity condition and in the case of complex geo-
metric representations of porous media, it has been appealed to
the study of small portions for the analysis of transport processes
with reaction in porous media, as it is the case of the analysis of
a single catalytic pore or a portion of the catalyst represented as
a pore network built from fractal structures. Therefore, the eval-
uation of the effect of more real porous micro-structure in the
catalytic particles on effective transport coefficients is a not com-
pleted task yet [12]. In this context, there is a rigorous methodology
that makes possible, at least in part, the understanding and anal-
ysis of phenomena that involve different scales, this is the volume
averaging method [17]. By this methodology different systems have
been studied, as the diffusion-reaction in a catalytic particle prob-
lem [8,9] and the energy and momentum transport in a porous
medium problem [9,10]. By using this methodology is possible
to develop effective means equations that are valid in the entire
domain from equations that are only valid in each of the indi-
vidual phases. The existing literature regarding volume averaging
methodology usually deals only with the deduction and presenta-
tion of the equations of transport of effective medium along with
the conditions under which they are applicable. More recently,
volume averaging methodology has aided to establish adequate
boundary conditions for transport equations [18]. It is not diffi-
cult neither to find the effective transport coefficients evaluation
by means of such a methodology. In this context, what is scarce,
however, is the application of these developments [19]. In this
work, we intend to use the information of the effect of the porous
micro-structure through the effective coefficients of transport on
the effectiveness factors for catalytic pellets in which a hydrodesul-
phurization (HDS) reaction of light gasoil takes place. Evidently,
the effectiveness factors have great relevance on the HDS reac-
tors modeling and their value strongly influences the behavior of
the reactor since they are the conventional form of incorporat-
ing the effects of intra-particle resistances to the reaction rate.
For the case of Langmuir–Hinshelwood/Hougen–Watson’s kinetic
rate expressions (LHHW) of a HDS process, the effectiveness fac-
tors dependence is usually described in terms of the denominated
corrected Module of Thiele [20]. The interest of accurate prediction
of catalyst effectiveness factor of the gas oil hydrodesulphurization
process has been previously reported [21]. This has been mainly
pursued by approximate analytical methods [22,23], by establish-
ing more accurate kinetic models of the HDS reaction, as LHHW
[24,25] models, and by taking into account the geometry effect
on effectiveness factors [26]. Regarding the effect of the micro-
structure on effectiveness factors, network pores built from fractals
structures have been employed [14,15,27,28]. The kinetics used in
most of these studies has been rather simplistic (power law model)
though and a realistic porous structure to determine the effective
transport coefficients has not been employed. Thus, this work aims
to evaluate the isothermal and no isothermal effectiveness factors
for a spherical catalytic particle by means of a heterogeneous mass
and energy model with reaction at the solid–fluid interphase at

Table 1
Kinetic experimental parameters for an HDS process.

k = k0e(−(E/RT)) [Pa h]−1 k0
A

= 5.66 × 103 ppm−1

k0 = 0.53 [Pa h]−1 QA = −60.96 J/mol
E  = 65.95 × 10−3 J/mol k0

H
= 1.01×8 Pa−1

kA = k0
A
e(QA/RT) ppm−1 QH = −179.76 J/mol

kH = k0
H

e(QH /RT) = 2.004 × 10−8 Pa−1

pore scale and pseudo homogeneous mass and energy model with
reaction at all catalyst pellet using a realistic microstructure.

2. Theory

2.1. Kinetic model

In this work, we evaluate an effectiveness factor that involves a
HDS process for light Gasoil following a previously reported LHHW
kinetics [29],

〈rA〉� =
k〈CA� 〉� 〈pH� 〉�

(1 + kA〈CA� 〉� )(1 + kH〈pH� 〉� )
(1)

This kinetic model considers that both the sulfurated species and
the hydrogen chemisorb on different active sites. The Table 1 shows
the used parameters [29]. In the previous expression 〈rA〉� is reac-
tion rate, 〈CA� 〉� is sulphureted species concentration, 〈pH� 〉� is
partial pressure of hydrogen, k, kA and kH are the rate and the
adsorption constants for sulfurated species and hydrogen, respec-
tively.

In Table 1, k0, k0
A and k0

H are the pre-exponential factor for
reaction constant and pre-exponential factor for adsorption con-
stant for sulfurated species and the hydrogen respectively; E, QA
and QH are the activation energy and the characteristic energy of
the adsorption constant for sulfurated species and the hydrogen,
respectively

In Table 2, 〈ωA� 〉� , X, Y and 〈�〉  are the dimensionless con-
centration, dimensionless characteristics lengths and the Thiele
modulus for pseudo-homogeneous model; while, ωA� and � are
the dimensionless concentration and the Thiele modulus for the
heterogeneous model.

The concentration and temperature fields are obtained from the
solution of 2D mass and energy transport equations, by means
of two  different models, (a) the mass and energy with reaction
in the whole domain (pseudo-homogeneous model), (b) the mass
and energy transport heterogeneous model with reaction in the
interface fluid-catalyst (� − �).

2.2. Pseudo-homogeneous transport model

The mass and energy transport equations at spherical catalytic
particle scale are [30],

(
∂
∂x

ex + ∂
∂y

ey

)
·
[

ε� Deff ·
(

∂〈CA� 〉�

∂x
ex +

∂〈CA� 〉�

∂y
ey

)]
= 〈rA〉

(2)

Table 2
Dimensionless parameters and variables.

〈ωA� 〉� = 〈CA� 〉�

〈CS
A�

〉� ωA� = CA�

〈CS
A�

〉�

〈�〉  =
√

R2
p k1

ε� Deff
� = 1

kA 〈CS
A�

〉�

〈�〉 =
(

〈CS
A�

〉�
)−1

X = x
Rp

� =
√

k2Rp
D�

Y = y
Rp
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∂
∂x

ex + ∂
∂y

ey

)  [
Keff ·

(
∂〈T〉
∂x

ex + ∂〈T〉
∂y

ey

)]
= −(	H)〈rA〉 (3)

where Eqs. (2) and (3) are for arbitrary domain. The boundary con-
ditions are given by the following equations,

∂〈CA� 〉�

∂x
ex +

∂〈CA� 〉�

∂y
ey = 0,

∂〈T〉
∂x

ex + ∂〈T〉
∂y

ey = 0 at r = 0.

(4)

〈CA� 〉� = Cs
A�

, 〈T〉 = 〈T〉s at r = Rp (5)

where Rp is the radius of the spherical catalytic particle. Here Deff
and Keff are the effective diffusivity and thermal conductivity, ε� is
the porosity, −	H is the reaction heat, 〈T〉 is the variable tempera-
ture, Cs

A�
and 〈T〉s are the temperature and concentration at catalytic

surface condition.

2.3. Heterogeneous transport model

In this model, at pore scale, the catalytic pellet is assumed to
be constituted by liquid � and solid � phases, and the reaction
takes place on the fluid–solid interphase � − �. The mass transport
is given by [17],

D�

(
∂2

CA�

∂x2
+

∂2
CA�

∂y2

)
= 0 � − phase (6)

The heterogeneous energy transport equation with reaction on the
catalytic surface A�
 at pore scale is

k�

(
∂2

T�

∂x2
+ ∂2

T�

∂y2

)
= 0 � − phase;

k


(
∂2

T


∂x2
+ ∂2

T


∂y2

)
= 0 
 − phase.

(7)

The Eqs. (6) and (7) are subjected to the pertinent boundary condi-
tions at A�
 :

−n�
 · D�

(
∂

2
CA�

∂x2
ex +

∂
2
CA�

∂y2
ey

)
= rA,

−n�
 · k�

(
∂

2
T�

∂x2
ex + ∂

2
T�

∂y2
ey

)
= (−	H)rA,

n�
 · k�

(
∂

2
T�

∂x2
ex + ∂

2
T�

∂y2
ey

)
= −n�
 · k


(
∂

2
T


∂x2
ex + ∂

2
T


∂y2
ey

)
,

T� = T
 ,

(8)

and also we have at A�
 :

CA� = Cs
A�

(9)

T
 = T� (10)

Here D� is the bulk diffusivity of the sulfurous species in the mix-
ture, k� and k
 are the fluid � and solid 
 thermal conductivities,
CA� is the local sulphureted species concentration, T� and T
 are
the local temperatures for the solid and fluid phases respectively,
n�
 is the normal unitary vector pointing from �-phase toward the

-phase, rA is the surface reaction rate, and A�e is the entrance area
to the phase �.

The kinetic expression of the pseudo-homogeneous model is
related to the interfacial kinetics of heterogeneous model at pore
scale by means of the following expression [17],

〈rA〉� = a�rA (11)

where a� = A��/V is the ratio of the fluid-catalyst interfacial area to
volume average [17]. The kinetics was adapted from that obtained
in a pseudo-homogenous media [29]. This is coherent with the
model of reaction at the interface.

2.4. Realistic geometrical model of the porous structure

At pore scale, the vectored model of a real porous media Fig. 1
was built up from a micrograph found in literature [31]. This was
adapted in order to replicate parameters comparable to typical val-
ues of HDS systems such as pore diameter dp =20–200 nm [32,33]
and porosity 0.3 ≤ ε� ≤ 0.6 [34]. According to this, a more realistic

Fig. 1. Vectored micrograph of a model of pore distribution.
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Fig. 2. View of 1
4 catalytic pellet showing both phases, built from realistic model of

pores medium at scale 4:1.

geometrical model than the one based on cubic cells was built for
a catalytic particle of 1 mm of diameter, at scales of 4:1 and 2:1 of
the real scale Fig. 2.

2.5. Evaluation of the transport effective coefficients

The pseudo-homogeneous model, Eqs. (2)–(5), requires the
accurate evaluation of the effective diffusion and effective conduc-
tivity coefficients. The theoretical way to evaluate these coefficients
through the method of volume averaging can be found in literature
[17]. Such studies already suggest the dependence of such param-
eters with the porous structure and is accepted that a simplified
representation of the porous media is enough to capture necessary
information of the porous structure and how it can be transported
to another length-scale. Fig. 3 depicts the type of periodic repre-
sentative unitary cells (RUC) used to represent the complex porous
media.

Expressions that allow us to evaluate the transport effective
coefficients, which is a boundary value problem for the closure
vector b� , are a result of the averaging process of valid punctual
transport equations in individual phases, of decomposition of scales
[35] of the local transport equations Eq. (15) and a proposal of a
solution to the problem for the deviations field CA� , expressed in
terms of the source that appears in the boundary value problem
for the deviations. Eqs. (12) and (13) show the superficial averag-
ing operator and the intrinsic average operator, respectively, used
for spatial smoothing of the transport equations previously men-
tioned. The Eq. (14) shows the relationship between the average
surface operator and the operator intrinsic average. The Eq. (15)
represents the aforementioned decomposition of scales [35].

〈� 〉� |x = 1
V

∫
V� (x)

�

∣∣x+y� dV (12)

〈� 〉� |x = 1
V� (x)

∫
V� (x)

�

∣∣x+y� dV (13)

〈� 〉 |x = ε� 〈� 〉� |x (14)

� = � + 〈� 〉� (15)

In the previous expressions, the variable x represents the position
vector that locates the centroid of the average volume V, y� is a
vector relative to the vector x used to locate any points inside the
average volume and V� is the volume occupied by the fluid phase.
From Eqs. (12) or (13) is clear that the right side term inside the
integral depends on x + y, while the left side quantity only depends
on x, that is, the application of the average operator produces a
spatial smoothing [17]. The expressions that allow us to evaluate
the effective diffusivity Deff and effective thermal conductivity are
Keff [17],

Deff = D�

(
I + 1

V�

∫
A�


n�
b� dA

)
(16)

Keff

k�
= (ε� + ε
�)I + (1 − �)

V

∫
A�


n�
bˇdA (17)

where � = k
 /k� is the quotient of conductivity of solid phase to
fluid pahse, I is the identity tensor and ε
 is the fractions volume of
the solid phase. The transport coefficients required by the mass and
energy effective medium balances, are obtained from the respective
closure problem, which are shown below.

2.5.1. Boundary value problem for closure vector b�

The boundary value problem for the closure of the mass aver-
aged transport equations with reaction at all domains [17] is as
follows:

∇2b� = 0 (18)

with the following boundary conditions:

−n�
 · ∇b� = n�
 at A�
 (19)

b� (r + li) = b� (r) for i = 1, 2, 3, . . . (20)

The boundary value problem for the closure of the energy averaged
transport equations with generation of energy by reaction at all
domains is:

∇2bˇ = 0, ∇2b
 = 0 (21)

with the following boundary conditions:

bˇ = b
 ;

−n�
 · ∇bˇ = −nˇ
 · �∇b
 + nˇ
(1 − �) at A�


(22)

bˇ(r + li) = bˇ(r);

b
(r + li) = b
(r)
(23)

for i = 1, 2, 3, . . .

Here b� and bˇ are the closure vectors corresponding to the fluid
phase and is convenient to distinguish them because the first one
corresponds to the solution of the Eqs. (18)–(20), while the sec-
ond one corresponds to the solution of the Eqs. (21)–(23). The b


vector is the closure vector for solid phase. Also, n�
 = nˇ
 is the
normal unitary vector to the fluid–solid interface, r is the posi-
tion vector that locates any points in the average volume, and li
represent the three non-unique lattice vectors that are required to
describe a spatially periodic porous medium [36].
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Fig. 3. (a) The x-component of the vector field b� in a centered square RUC CC. (b) The x-component of the vector field b� in a square alternate RUC CA. (c) The x-component
of  the vector field b� in a rectangular alternate RUC RA.

2.6. Effectiveness factor

The effectiveness factor can be evaluated by the following
expression [30],

� = 1
WCr′

A|s

∫
r′
AdWC (24)

In related effectiveness factors studies, an analysis by means of
dimensionless parameters and numbers is usually carried out in
order to evaluate the effectiveness factors and is a common practice
to dimensionless the transport equations. The � variable is the
effectiveness factor, WC is the catalyst weight and r′

A is the reaction
rate in mol(kg cat s−1).

Table 2 shows the dimensionless variables and parameters def-
inition used in this work. It is important to mention that in the
dimensionless process of the transport equations at both scales,
the Thiele modulus was pursued to be independent of temperature
〈�iso〉 and in the same way consistency was also pursued in the
non-isothermal effectiveness factor evaluation with the isothermal
case.

Table 3 shows physical parameters fed to solve the model,
whereas Table 2 shows the used dimensionless parameters. In par-
ticular, Table 4 shows the relationship between the Thiele modulus
〈�〉 and the Thiele modulus �iso independent from the temperature
for the case of the pseudo-homogeneous transport as for Table 5
the same relationship � and �iso is shown, but for the heteroge-
neous transport; while  ̌ and 〈ˇ〉 are the Prater number defined for

Table 3
Transport and physical parameters used in models.

〈P�
H
〉� = 7580.0 kPa ε� = V�

V� +V

= 0.5465

〈C�
A
〉� = 84.41 mol  m−3 av = A�


V� +V

= 23191.6 m−1

〈 − 	H〉 = −4, 33, 436 J/mol Deff = 1.4629 × 10−5 m2 s−1

〈T〉S = 598 K D� = 3.3817 × 10−5 m2 s−1

k� = 4.2 × 10−4 cal/(s cm ◦C) Keff = 2.61 × 10−3 cal/(s cm ◦C)
k
 = 0.508 cal/(s cm ◦C)

Table 4
Relationship between Thiele modulus 〈�〉  and Isothermal Thiele modulus 〈�iso〉 for
the  pseudo-homogenous model.

〈�iso〉2 =
(

kTiso
R2

εDeff

)
〈�iso〉2 = 〈�〉2

�1+1

kTiso
= kT (�1 + 1)−1 kT = k0

s �0�1

�0 =
(

CAb
kAS

)−1
�1 =

(
〈P�

H
〉� kHs

)−1

k0
s = k0e−�E 〈P�

H
〉� = k0e−�E

Table 5
Relationship between Thiele modulus � and Isothermal Thiele modulus �iso for
pseudo-homogenous model, and  ̌ parameter in both pseudo-homogenous and
heterogeneous models.

�2
iso

= RkTiso
avD�

〈�iso〉2 = �2
(

RavD�
ε� Deff

)
 ̌ =
(

−	H · D� 〈C�
A

〉� |S
k� 〈T� 〉� |S

)
〈ˇ〉 = k� Deff

Keff D�
ˇ
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Fig. 4. (a) The x-component of the vector field b� in a 4×4 coupling of RUC CC. (b) The x-component of the vector field b� in a 4 × 4 coupling of dimensionless RUC  CA. (c)
The  x-component of the vector field b� in a 4×2 coupling of RUC RA.

both, heterogeneous and pseudo-homogeneous models; Also V
 is
the solid phase volume, and kTiso

and kT are both, isothermal and
no-isothermal dimensionless constant rates, repectively.

3. Results and discussion

For the realistic model construction of the porous struc-
ture a pore size distribution previously reported [32,33] of
CoMo/� − Al2O3 was taken into account. According to this ref-
erence, 65% of the pores are in a range of dp =20–200 nm,  and
5% dp> 200 nm [33]. Due to computing resources limitations a
pellet diameter of dp = 2.5 × 10−7 m was chosen. The vectored
model adjustment [31] to pore diameter values with the order
of dp ≈ 2.5 × 10−7 m,  leads to ε� = 0.5465. The superficial area of a
spherical catalyst with radius R =0.5 mm built from the vectored
model at scale 2:1 is A�
 =458.348 m2 and at the scale of 4:1 is
A�
 =88.975 m2.

It is worth noticing that the built porous structure pro-
posed in this study incorporates geometrical complexity of the
porous medium through the minimum characteristics established
in previous theoretical models based on the volume averaging
methodology [7,17,37–39]. Albeit considering some characteris-
tics (i.e. porosity and pore diameter) of a HDS catalyst, the effect
of the spatial porous structure was not captured in the model yet.
This may  imply some degree of uncertainty that at this stage can-
not be ruled out. Therefore is advisable to deepen in the study
of this variable so that the importance of its effect can be estab-
lished in order to decide whether or not to include it in future

models. Different RUC’s were built Fig. 3, and these were adjusted
in such a way that dp = 2.5 × 10−7m and ε� = 0.5465. With these
RUC’s different couplings were arranged with them Fig. 4, the whole
porous structure of a pellet with radius R =0.5 mm Fig. 5 was built
up.

The evaluation of the boundary values for vector b� , Eqs.
(18)–(20), in the different RUC’s depicted in Fig. 3 was carried out
with the help of the commercial software COMSOL Multiphysics,
while the same equations evaluation on the various couplings of
the RUC’s is shown in Fig. 4.

The same evaluation in pellets reconstructed with RUC’s and
with our realistic model of the porous structure is shown in Fig. 5.
With closure vector field b� evaluation, we  evaluate the effective
diffusivity coefficients according to equation Table 6 shows the esti-
mated values of the effective diffusion coefficient through all the
mentioned schemes.

The RUC CC was  taken as reference and the deviations of the of
values of Deff were evaluated by the other schemes. The difference
between the RUC CC and the RUC CA is 7.2% for the x component
and 1.2% for the y component, while between the RUC CC and the
RUC RA the difference is 10% for the x component and 9.7% for the y
component. It can be observed that the variation of the coupled
RUC&rsquo; s is not significant, with a slight variation between
RUC CA and their couplings of only 2%. This is in concordance with
literature where has been stated that is not necessary to build up
the whole porous medium with couplings RUC&rsquo; s since one
periodic RUC gives results equivalent to those obtained by several
couples [9–11].
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Fig. 5. (a) A partial view of the x-component for the vector field b� in a catalyst pellet built with RUC CC. (b) The x-component of the vector field b� in a catalyst pellet built
with  realistic porous media.

It is worth noticing that the difference between evaluated values
of Deff for the RUC CC used as reference and the values obtained with
our realistic model of the porous microstructure is about 50.4 % for
the x component and 66% for the y component. This implies strong
variation. This result is in concordance with the literature [12,16]
that suggests the complex microstructure of porous medium has a
significant effect on the effective transport coefficients.

Regarding model 2:1 and model 4:1, it should be noted that
the variation was less than 1%. Therefore, due to computational
resources reasons only the model at scale 4:1 will be studied in
more detail. Table 6 also shows the values predicted by the the-
oretical models previously reported [40–42]. It is important to
highlight that the changes with respect to the reference model
are in the order of 14% for the model of Maxwell [40], which

considers the porous media as a dilute suspension of spheres; and
20% for the model of Wakao [42], whose expression is for a macro-
pore system.

The estimated Deff values allows to solve the mass pseudo-
homogeneous transport model expressed by Eqs. (2)–(5) and the
heterogeneous transport model expressed by Eqs. (8) and (9); and
finally the effectiveness factor for non-isothermal case by means of
Eq. (24). The Fig. 6a and b shows the concentration fields obtained
with the COMSOL Multiphysics software, corresponding to the
pseudo-homogeneous model and to the heterogeneous model,
respectively.

Fig. 6c shows a comparison between concentration profiles
obtained for a 1 mm diameter spherical catalyst pellet where
a HDS reaction takes place, employing Deff values obtained for

Table 6
Deff values evaluated with RUC’s, RUC’s coupled, literature methods and our realistic porous media.

Study ε� Dxx
D�

ε� Dyy
D�

% relative error (respect to reference value)

RUC RUC CC 0.3602 0.3602 7.184 1.207
RUC  CA 0.336075 0.36462 9.985 9.7
RUC  RA 0.327516 0.328368
RUC CC
2 × 2 0.361 ± 0.005 0.361 ± 0.001 0.750 0.75
4  × 4 0.361 ± 0.005 0.361 ± 0.001 1.023 1.023
8  × 8 0.361 ± 0.005 0.361 ± 0.001 1.024 1.024
16  × 16 0.361 ± 0.005 0.361 ± 0.001 1.551 1.551

RUC  coupled RUC CA
2 × 2 0.338 ± 1 ×10−3 0.365 ± 4 ×10−3 6.55 1.71
4  × 4 0.338 ± 1 ×10−3 0.365 ± 4 ×10−3 5.59 2.38
8  × 8 0.338 ± 1 ×10−3 0.365 ± 4 ×10−3 5.59 2.38
16  × 16 0.338 ± 1 ×10−3 0.365 ± 4 ×10−3 5.59 2.38
RUC  RA 0.33021 ± 5 ×10−6 0.3300 ± 1 ×10−5

2 × 2 0.338 ± 1 ×10−3 0.365 ± 4 ×10−3 9.085 9.14
4  × 4 0.338 ± 1 ×10−3 0.365 ± 4 ×10−3 9.071 9.117
8  × 8 0.338 ± 1 ×10−3 0.365 ± 4 ×10−3 9.07 9.116
16  × 16 0.338 ± 1 ×10−3 0.365 ± 4 ×10−3 9.07 9.116
RUC  CC 0.366211 0.366196 1.636 1.632

Pellet  built with RUC CA 0.340584 0.369287 5.765 2.456
RUC  RA 0.330906 0.331066 8.858 8.06
Realistic 0.239539 0.21701 50.38 65.99
Porous
media
Maxwell 0.445492 0.445492 19.141 19.141

Literature models Weisberg 0.419709 0.419709 14.174 14.174
Smith  0.298668 0.298668 20.68 20.68
Model
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Fig. 6. (a) Dimensionless concentration field of a spherical catalyst from pseudo-homogeneous model,〈�iso〉=0.3331. (b) Dimensionless concentration field of a spherical cat-
alyst  from heterogeneous model in 4:1 scale, 〈�iso〉=0.3331. (c) Dimensionless concentration field of a spherical catalyst from heterogeneous model at 4:1 scale, 〈�iso〉=0.3331
(d)  Zoom in of dimensionless concentration field of a spherical catalyst from heterogeneous model at 4:1 scale, showing a zone (red circle) of more accessibility and a zone
(black  circle) of less accessibility,�iso = 0.3331. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

diverse RUCs, also with models from literature presented in Table 6,
and through our realistic model of the porous structure. It also
presents the concentration profile corresponding to the hetero-
geneous model. As can be seen, the concentration profile using
the value of Deff corresponding to the RUC CC, is very different
to that when Deff from the model of the complex microstructure
is employed. This result highlights the importance of the effect of
the porous medium complex structure on the behavior of the cat-
alytic pellet. Fig. 6d depicts a zoom in of the concentration field
of the heterogeneous model solution, the asymmetry in concen-
tration field is pointed out with two dashed circles, one shows
an area with smaller accessibility and other shows an area with
smaller easiness accessibility for the diffusive transport, the above-
mentioned is in agreement to that observed by other authors
[3–5].

Fig. 7a shows a comparison of isothermal effectiveness factor
evaluated from the pseudo- homogeneous model of mass transport,
using the different values of Deff calculated from the different RUC’s,
with the models from literature summarized in Table 6 and from
the porous structure are. The effective diffusivity coefficient value
for the porous structure was considered constant Deff = (Dxx + Dyy)/2
in the transport model. In Fig. 7a, it is also shown the obtained
effectiveness factor components of Deff, considering the effective
diffusion coefficient as a tensor.

Finally, the effectiveness factor obtained from the hetero-
geneous model of transport by diffusion with surface catalytic
reaction is also shown by considering the porous microstruc-
ture.

It can be noticed that the effectiveness factor from the het-
erogeneous model is far from the factors obtained by simplified
representations of the porous structure. Even more, although in
less impact, the effectiveness factor with Deff as a tensor, by consid-
ering the structure porous realistic, is significantly different from
the heterogeneous mass transport model. Finally, Fig. 7b shows
more clearly the difference between the values of the effective-
ness factor from heterogeneous transport model and the values
obtained from the pseudo-homogeneous models. In this figure two
zones can be distinguished. The first one at � < 0.4 is where the
difference between the factors for both models is greater, and the
second at � > 0.4 is where the difference decreases. It is necessary
to mention that the model with greater proximity to the hetero-
geneous model corresponds to the pseudo homogeneous with Deff
considered as a tensor and including the complexity of the porous
structure.

Also, the fields for the vectors b
 and bˇ corresponding to the
closure problem of transport of energy (Eqs. (21) and (22)) were
evaluated. Fig. 8a shows the x-component of vector bˇ in a RUC
CA, whileFig. 8b shows the same result, only that for our realistic
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Fig. 7. (a) Comparison of isothermal effectiveness factors: pseudo-homogenous model vs. heterogeneous model obtained with Deff values from different geometrical rep-
resentations of porous structure. (b) Inverse of relative error between effectiveness factors obtained with Deff values from different geometrical representations of porous
structure.

model of the porous structure. The Keff values are obtained by Eq.
(17) using the vector bˇ fields from the two RUC’s and our realistic
model. It was found for the RUC CC, Kxx/kˇ = 2.4 and Kyy/kˇ = 2.3,
while for the RUC CA Kxx/kˇ = 2.5 and Kyy/kˇ = 3.07; finally, the value
from the realistic model is Kxx/kˇ = 7.2 and Kyy/kˇ = 8.55.

It is important to highlight that the boundary for the closure
vectors for the heat transfer problem presents a rather difficult
convergence. Table 7 shows values for the convergence of the RUC
CC. It was not possible to establish a concrete value for the RUC
RA and thus it was eliminated of this study. The simulations of
the realistic model show a strong dependence on the number of
mesh nodes. Around 1.3 × 106 mesh elements were required by the
larger simulations that we were able to perform with the available
computational resources.

From the effective conductivity values, it is possible to proceed
to solve in a simultaneous way the mass and energy transport
equations for the heterogeneous and pseudo-homogeneous model,
using for the latter the obtained Keff values in this work. Fig. 9a
and b shows the temperature fields from the solution for the
heterogeneous and pseudo- homogeneous model, respectively.
In the comparison of the temperature and concentration fields
it is observed that there are significant differences between the
solutions of both models, for equivalent specifications in them
reinforces the observation of the effect of the micro porous struc-
ture being from great importance. With the temperature and
concentration fields for the catalytic pellet, we  can proceed to
obtain the non-isothermal effectiveness factors.

Fig. 10a shows a comparison of the temperature and concentra-
tion fields for the non-isothermal case. These were obtained from
the pseudo-homogeneous model, where the effective coefficients
came from the RUCS and from the proposed model of the porous
structure. Fig. 10b also depicts the fields obtained from the het-
erogeneous model. The series referred as Maxwell, correspond to
the fields of temperature and concentration obtained with the
pseudohomogeneous model, using the diffusivity and conductiv-
ity effective coefficients obtained with the theoretical pattern of
Maxwell [40]. The RUC CC and RUC CA series correspond to the
fields of temperature and concentration coming from the pseu-
dohomogeneous pattern, using the diffusivity and conductivity
effective coefficients coming from the solution of the field of the
closure vector in the centered square unitary cells (Figs. 3a and 8a)
and square alternate unitary cell (Fig. 3b). The fields of temper-
ature and concentration coming from the heterogeneous pattern
are also shown. These were produced by using the diffusivity and
conductivity effective coefficients coming from the solution of the
field of the closure vector in the realistic model (Figs. 5a and 8b).
The parameters used in the evaluation of the temperature and
concentration fields were determined using the properties and
kinetic parameters shown in Tables 1 and 3 and according to the
definitions in Table 5. Fig. 10b shows that the complexity of the
geometry is not captured in an appropriate way  by representa-
tions as simple as the RUC’s. Fig. 10b shows a comparison of the
non-isothermal effectiveness factors from pseudo-homogeneous
and pseudo-homogeneous models and can be appreciated how

Fig. 8. (a) Vector bˇ , x-component field in a RUC CC. (b) Vector bˇ , x-component field in a realistic porous structure.
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Table  7
Statistics of the Keff convergence in a RUC CC.

Mesh element number Iteration number Simulation time (h) % Relative error (Kxx) % Relative error (Kyy)

568 – 1.9 11.99 5.22
1160  2.042 1.7 7.78 10.06
2428  2.093 3.8 3.45 8.72
5230  2.15 8.2 1.18 2.19

10589 2.046 16.7 0.98 0.81

Fig. 9. (a) Dimensionless Temperature field of a spherical catalyst from heterogeneous model, 〈�iso〉=0.3331 and  ̌ = 0.7. (b) Dimensionless Temperature field of a spherical
catalyst  from pseudo-homogeneous model, 〈�iso〉=0.3331 and  ̌ = 0.7.

Fig. 10. (a) Temperature and concentration fields from non isothermal mass and energy transport model 〈�iso〉=0.3331. (b) No isothermal effectiveness factor comparison
for  pseudo-homogeneous and heterogeneous models 〈�iso〉=0.3331.

they differ one from another and this is evidence of the micro-
structure influence over non-isothermal effectiveness factors. It is
worth pointing out that these differences become more significant
when Thiele modulus increases (i.e. by increasing particle diam-
eter). Despite the incorporation of further characteristics of the
porous structure like complex geometry and anisotropy, it should
not be left out that this study is based on 2D modeling and this
still may  imply certain degree of inaccuracy. It is worth mention-
ing, however, that in the context of averaging volume methodology
the differences between effective transport coefficients values cal-
culated from 2D and 3D models are expected to not be significant
[37].

4. Conclusions

A realistic geometric model of the porous microstructure for a
spherical catalyst pellet was  developed. In such a porous medium
the mass and energy effective coefficients of transport were cal-
culated and the effect of the structure complexity on these c
coefficients was  evaluated. It can be concluded that these trans-
port coefficients can be up to 65% different depending on whether
a simple or complex porous structure is used. In addition, the con-
centration and temperature fields were evaluated using a pseudo-
homogeneous model and a heterogeneous one. Furthermore, the
isothermal and non-isothermal effectiveness factors for a HDS



Author's personal copy

M.E. Cordero et al. / Catalysis Today 220– 222 (2014) 113– 123 123

process were evaluated and it was concluded that the microstruc-
ture has important impact on their values. These were higher when
obtained through pseudo-homogeneous models. The use of non-
isothermal effectiveness factors leads to multiplicity of stationary
states that are expected for exothermic reactions. Finally, a rather
simplistic geometric model of the porous structure does not show
adequacy to represent the mass and energy transport in catalytic
pellet and thus a more realistic geometric model of the porous
structure is required.
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