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1. Introduction

In [7], W. S. Mahavier studied inverse limits using upper semi-continuous functions where he looked at 
inverse limits whose graphs are closed subsets of [0, 1] × [0, 1]. In [4, Theorem 3.3], W. T. Ingram proved 
the following result.

Theorem 1.1. If F is a finite collection of mappings from a continuum into itself, one of which is surjective 
and universal with respect to F , and F is the set theoretic union of the elements of F which is an upper 
semi-continuous function, then lim

←
F is a continuum.
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Also, W. T. Ingram proved the following result in [4, Theorem 4.2].

Theorem 1.2. Let F be a collection of mappings from [0, 1] into itself. Suppose that F contains a mapping 
f with the following properties:

1. f([0, 1]) is a non-degenerate set;
2. for each g ∈ F , there exists a point pg ∈ f([0, 1]) such that f(pg) = g(pg); and
3. for each g ∈ F , g(f([0, 1])) = g([0, 1]).

Let F be the function defined by the set theoretic union of the elements of F . If F is an upper semi-
continuous function, then lim

←−
F is a one-dimensional continuum.

In [5], W. T. Ingram asked the following question [5, Problem 6.6]: what can be said about compacta 
that are inverse limits with a single upper semi-continuous function whose graph is the union of two graphs 
of mappings without coincidence points? In [3, Theorem 6.1], S. Greenwood, J. Kennedy and M. Lockyer 
showed that an inverse limit with a single upper semi-continuous function whose graph is the union of two 
graphs of mappings without coincidence points has 2ℵ0 components. Here, we will give a partial answer to 
Ingram’s question.

In [1, Definition 2], W. J. Charatonik and Ş. Şahan introduced the concept of Dom(F ), they proved that 
if X is a compact metric space and F : X → 2X is an upper semi-continuous function, then lim

←
(X, F ) =

lim
←

(Dom(F ), F |Dom(F )). We use the concept of Dom(F ) and W. J. Charatonik and Ş. Şahan’s results 
throughout the following to get as inverse limit either a continuum or a Cantor set.

In this paper, we study inverse limits with only one upper semi-continuous function F , defined by the 
set theoretic union of the elements of a family of mappings that are not necessarily surjective, and may or 
may not have coincidence points.

This paper is organized in the following way. In Section 2, we present basic definitions and auxiliary 
results. In Section 3, we provide some examples of inverse limits using one function F which is the set 
theoretic union of a family of mappings from [0, 1] into itself. In the proofs we apply the concept of Dom(F ). 
In Section 4, we give sufficient conditions for lim

←
(X, F ) to be connected, and we give sufficient conditions 

for lim
←

(X, F ) to be a Cantor set in the case where the mappings that define F are contractive.

2. Notation and auxiliary results

A continuum X is a non-degenerate connected compact metric space. A mapping is a continuous function. 
Let X and Y be topological spaces and let f : X → Y and g : X → Y be functions. A point x ∈ X is called 
a coincidence point of f and g, if f(x) = g(x). Let F be a collection of functions from X into Y . A function 
f : X → Y is universal with respect to F provided that f has a coincidence point for each element of F . 
Let (X, d) and (Y, d′) be metric spaces and let f : (X, d) → (Y, d′) be a function. If there exists αf ∈ [0, 1)
such that d′(f(x), f(y)) ≤ αfd(x, y) for any x, y ∈ X, then f is called a contractive function. The number 
αf is called a module of f . We say that a collection F of functions is contractive provided that each f ∈ F
is a contractive function and α = sup{αf : αf is a module of f , f ∈ F} < 1. Also, α is called a module of 
F .

We use the symbol N to denote the set of all positive integers. Let {Xi}∞i=1 be a sequence of non-

empty topological spaces. We use x to denote the point (x1, x2, x3, . . . ) in 
∞∏
i=1

Xi. Let n ∈ N. We denote 

(x1, x2, x3, . . . , xn) ∈
n∏

Xi by xn. Also, xi is the i-th coordinate of the point x (or xn). Let n ∈ N. The 

i=1
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mapping πn :
∞∏
i=1

Xi → Xn defined by πn(x) = xn is called the n-th projection. If every Xi is a metric space 

with metric di bounded by 1, then we use the metric D for 
∞∏
i=1

Xi defined by D(x, y) =
∞∑
i=1

di(xi, yi)
2i .

Let X be a metric compact space. Let 2X be the collection of non-empty closed subsets of X endowed with 
the Hausdorff metric. Let X and Y be topological spaces. A function F : X → 2Y is upper semi-continuous 
at the point x ∈ X, provided that if V is an open set in Y containing F (x), then there exists an open set U in 
X containing x such that, if t ∈ U , then F (t) ⊆ V . F is upper semi-continuous if it is upper semi-continuous 
at every point of X. If F : X → 2Y is a function, the set G(F ) = {(x, y) ∈ X × Y : y ∈ F (x)} is the graph
of F . Let A ⊆ X, we denote by F (A) the set {y ∈ Y : there is a point x ∈ A such that y ∈ F (x)}. The 
function F has a surjective graph or is surjective, provided F (X) = Y .

Let {Xi}∞i=1 be a sequence of non-empty compact metric spaces, and let {Fi}∞i=1 be a sequence of functions 
such that for each i ∈ N, Fi : Xi+1 → 2Xi is upper semi-continuous. The sequence {Xi, Fi}∞i=1 is called an 
inverse sequence. The inverse limit of the inverse sequence {Xi, Fi}∞i=1 is the subspace of the topological 

product 
∞∏
i=1

Xi, given by

{x ∈
∞∏
i=1

Xi : xi ∈ Fi(xi+1), for each i ∈ N}.

Let {Xi, Fi}∞i=1 be an inverse sequence. We denote its inverse limit by lim
←

(Xi, Fi). In the case where 

the sequences {Xi}∞i=1 and {Fi}∞i=1 are constant sequences, i.e., there are a compact metric space X and 
a function F : X → 2X such that Xi = X and Fi = F for each i ∈ N, we denote the inverse limit by 
lim
←

F .
Let {Xi, Fi}∞i=1 be an inverse sequence, we adopt the following notation for each n ∈ N:

1. G′
n = {xn+1 ∈

n+1∏
i=1

Xi : xi ∈ Fi(xi+1), 1 ≤ i ≤ n}.

If the inverse sequence is a constant inverse sequence, then we consider the following sets:
2. Domn(F ) = π1(G′

n).

3. Dom(F ) =
∞⋂

n=1
Domn(F ).

Note that Domn+1(F ) ⊆ Domn(F ) for each n ∈ N.

Proposition 2.1. Let X be a non-empty compact metric space. If F : X → 2X is an upper semi-continuous 
function, then Domn(F ) and Dom(F ) are non-empty compact metric spaces.

Proof. By [6, Theorem 110], we have that for each n ∈ N, the set G′
n is a non-empty compact metric space. 

By [6, Theorem 111], we get that lim
←

F is a non-empty compact metric space. Since Domn(F ) = π1(G′
n), 

Dom(F ) = π1(lim← F ) and π1 is a mapping, then Domn(F ) and Dom(F ) are non-empty compact metric 
spaces. �

From [2, Theorem 4.1], we have that if F is a mapping and X is a compact Hausdorff space, then 
F (Dom(F )) = Dom(F ). In the case where the function F is upper semi-continuous and X is compact 
metric space, we have from definition of Dom(F ), that F (Dom(F )) = Dom(F ).
Let F be a non-empty collection of mappings from X into itself and let F : X → 2X be the function defined 
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by the set theoretic union of the elements of F . If F is an upper semi-continuous function, it is not difficult 
to see that Dom1(F ) =

⋃
f∈F

f(X), and Domn+1(F ) =
⋃
f∈F

f(Domn(F )).

The following result is the main tool used in this paper.

Theorem 2.2. [1, Theorem 3]. Let X be a non-empty compact metric space and let F : X → 2X be an upper 
semi-continuous function. Then lim

←
(X, F ) = lim

←
(Dom(F ), F |Dom(F )).

The following theorem is a consequence of Theorem 2.2 and the definition of the inverse limit.

Theorem 2.3. Let X be a non-empty compact metric space and let F : X → 2X be an upper semi-continuous 
function. If Dom(F ) is a totally disconnected space, then lim

←
F is a totally disconnected space.

A topological space X is perfect if every point of X is an accumulation point of X.

Theorem 2.4. Let X be a non-empty compact metric space and let F be a non-empty collection of mappings 
from X into itself. Let F : X → 2X be the function defined by the set theoretic union of the elements of F . 
If F is upper semi-continuous function and Dom(F ) is a perfect space, then lim

←
F is a perfect space.

Proof. Let x ∈ lim
←

(Dom(F ), F |Dom(F )). Let

U =
(
U1 × U2 × U3 × · · · × Un ×

∞∏
i=n+1

Dom(F )
)

∩ lim
←

F

be a basic open neighbourhood of x in lim
←

F , where Ui is an open neighbourhood of xi in Dom(F ) for each 

1 ≤ i ≤ n. Now, for every 1 ≤ i ≤ n − 1, we consider fi ∈ F such that xi = fi(xi+1). Let W1 = U1. By 
continuity of f1, there exists an open neighbourhood W2 such that W2 ⊆ U2, f1(W2) ⊆ W1 and x2 ∈ W2. 
If 1 ≤ i ≤ n − 1 and Wi has been defined, then there exists an open neighbourhood Wi+1 such that 
Wi+1 ⊆ Ui+1, fi(Wi+1) ⊆ Wi and xi+1 ∈ Wi+1.

Since Dom(F ) is a perfect space and Wn is an open subset of Dom(F ), then there exists yn ∈ Wn ∩
Dom(F ) such that yn �= xn. Note that there exists yn−1 ∈ Wn−1 such that yn−1 = fn−1(yn). Moreover, for 
each 1 ≤ i < n − 1 there exists yi ∈ Wi such that yi = fi(yi+1). Hence, xn, yn ∈ W1 ×W2 ×W3 × · · · ×Wn.

Since yn ∈ Dom(F ), there exists z ∈ lim
←

F such that π1(z) = yn. Let w = (y1, y2, . . . , yn, z2, z3, . . . ) ∈
lim
←

F . Thus, w ∈ U and x �= w. Therefore, lim
←

(Dom(F ), F |Dom(F )) is a perfect space. �
The result below follows from [6, Theorem 111], Theorem 2.3 and Theorem 2.4.

Corollary 2.5. Let X be a non-empty compact metric space, let F be a non-empty collection of mappings 
from X into itself and let F : X → 2X be the function defined by the set theoretic union of the elements 
of F . If F is upper semi-continuous function and Dom(F ) is a Cantor set, then lim

←
F is homeomorphic to 

the Cantor set.

3. Examples

In this section, we present examples of inverse limits with a single upper semi-continuous function F which 
is the union of a family of mappings from [0, 1] into itself. In the proofs we use the concept of Dom(F ).
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Fig. 1. The graph of the function F in Example 3.1.

Fig. 2. The graph of the function F in Example 3.3.

Example 3.1. Let fn : [0, 1] → [0, 1] be a mapping given by fn(x) = x
2n for each n ∈ N. If F : [0, 1] → 2[0,1]

is the upper semi-continuous function defined by F (x) = {0} ∪{fn(x) : n ∈ N}, then lim
←

F = {(0, 0, 0, . . . )}
(see Fig. 1 for the graph of F ).

Proof. Note that for each n ∈ N, Domn(F ) = [0, 1
2n ]. Thus, Dom(F ) = {0}, and so that lim

←
(Dom(F ),

F |Dom(F )) = {(0, 0, . . . )}. By Theorem 2.2, lim
←

F = {(0, 0, . . . )}. �
Example 3.2. Let f, g : [0, 1] → [0, 1] be mappings defined by f(x) = x

2 and g(x) = 1−x
2 . Let F : [0, 1] → 2[0,1]

be the upper semi-continuous function given by F (x) = {f(x), g(x)}. Then lim
←

F is a continuum.

Proof. Note that for each n ∈ N, Domn(F ) = [0, 12 ]. Thus, Dom(F ) = [0, 12 ]. Since F |[0, 12 ] : [0, 12 ] → 2[0, 12 ]

is surjective and it has connected graph, by [8, Theorem 3.1], we have that lim
←

([
0, 1

2

]
, F |[0, 12 ]

)
is a 

continuum. By Theorem 2.2, lim
←

F is a continuum. �
In the following example we will prove that Dom(F ) is homeomorphic to the Cantor set and hence the 

inverse limit is homeomorphic to the Cantor set.

Example 3.3. Let F : [0, 1] → 2[0,1] be the upper semi-continuous function given by F (x) = {x+1
4 , 1−x

4 }. 
Then lim

←
F is homeomorphic to the Cantor set (see Fig. 2 for the graph of F ).

Proof. Note that Dom1(F ) = [0, 12 ], Dom2(F ) = [ 18 , 
3
8 ] and Dom3(F ) = [ 5

32 , 
7
32 ] ∪[ 9

32 , 
11
32 ]. From here, for 

each n ≥ 2, the set Domn+1(F ) is the union of twice as many disjoint intervals as Domn(F ). Observe that 
the intervals form nested sequences whose lengths limit to zero. Hence, Dom(F ) consists of 2ℵ0 singleton 
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Fig. 3. The graph of the function Hα in Example 3.5.

components. Moreover, Dom(F ) is obtained by removing “middles thirds” and so it is a Cantor set. By 
Corollary 2.5, lim

←
F is homeomorphic to the Cantor set. �

The following examples show that the converse of Corollary 2.5 is not true. We consider four cases. We 
give functions whose graphs are:

1. not connected nor surjective, with |Dom(F )| = 2;
2. connected and not surjective, with |Dom(F )| = 2;
3. not connected and surjective, with Dom(F ) = [0, 1];
4. not connected nor surjective, such that Dom(F ) is a not connected one-dimensional set.

Example 3.4. Let c, d ∈ [0, 1] be such that 0 ≤ c < d ≤ 1. Let F : [0, 1] → 20,1] be the upper semi-continuous 
function defined by F (x) = {c, d}. Then lim

←
F is homeomorphic to the Cantor set.

Proof. Clearly, lim
←

F = {x: for each i ∈ N, xi = c or xi = d}, then lim
←

F is homeomorphic to the Cantor 
set. �

Note that [5, Example 1.2] is the particular case of Example 3.4 when c = 0 and d = 1.
In the following example we define a family {Hα : α ∈ [1, ∞)} of upper semi-continuous non-surjective 

functions each one having connected graph and such that for each fixed real number α ∈ [1, ∞), we have 
that lim

←
Hα is homeomorphic to the Cantor set. Moreover, each Hα is defined as the union of two mappings 

from [0, 1] into itself having coincidence points.

Example 3.5. Let α ∈ [1, ∞) and let Hα : [0, 1] → 2[0,1] be the upper semi-continuous function defined by 
Hα(x) = {g(x), fα(x)}, where g(x) = 1

2 and

fα(x) =

⎧⎪⎨
⎪⎩

0 if x ∈ [0, 1
2 ],

α
(
x− 1

2
)

if x ∈ [ 12 ,
α+1
2α ],

1
2 if x ∈ [α+1

2α , 1].

Then lim
←

Hα is homeomorphic to the Cantor set (see Fig. 3 for the graph of Hα).

Proof. Because Dom1(Hα) = [0, 12 ], and Domn(Hα) = {0, 12} for n > 1, the set Dom(Hα) =
{
0, 1

2
}
. 

Observe that lim
←

(Dom(Hα), Hα|Dom(Hα)) =
∞∏{

0, 1
2

}
. So, lim

←
Hα is homeomorphic to the Cantor set. �
i=1
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Fig. 4. The graph of the function F in Example 3.6.

In the following example, we define an upper semi-continuous surjective function, with a disconnected 
graph, as the union of two mappings without coincidence points. Again, lim

←
F is the Cantor set.

Example 3.6. Let F : [0, 1] → 2[0,1] be the upper semi-continuous function defined by F (x) = {f(x), g(x)}
where f(x) = x

2 and g(x) = x+1
2 . Then lim

←
F is homeomorphic to the Cantor set (see Fig. 4 for the graph 

of F ).

Proof. By [5, Theorem 1.6], we just need to prove that the inverse limit is a perfect and totally disconnected 
space.

Note that G′
1 = {(f(x), x) : x ∈ [0, 1]} ∪ {(g(x), x) : x ∈ [0, 1]} and the diameter of each component is 1

2 . 

Moreover, G′
n has 2n components, each one of them of diameter n+1

2n+1 . The fact that lim
n→∞

n + 1
2n+1 = 0, implies 

that each component of 
∞⋂
n=1

(
G′

n ×
∞∏

i=n+2
[0, 1]

)
has a single point. Since lim

←
F =

∞⋂
n=1

(
G′

n ×
∞∏

i=n+2
[0, 1]

)
, 

then lim
←

F is a totally disconnected space.
Since Dom(F ) = [0, 1], then Theorem 2.4 implies that lim

←
F is a perfect space. �

Now, we will provide an example such that the graph of F is neither connected nor surjective, Dom(F )
is a one-dimensional disconnected set and lim

←
F is homeomorphic to the Cantor Set.

Example 3.7. Let F : [0, 1] → 2[0,1] be the upper semi-continuous function defined by F (x) = {f(x), g(x)}
where:

f(x) =

⎧⎪⎨
⎪⎩

x
2 if x ∈ [0, 1

4 ],
1
8 if x ∈ [ 14 ,

3
4 ],

2x−1
4 if x ∈ [ 34 , 1],

and

g(x) =

⎧⎪⎨
⎪⎩

2x+3
4 if x ∈ [0, 1

4 ],
7
8 if x ∈ [ 14 ,

3
4 ],

x+1
2 if x ∈ [ 34 , 1].

Then limF is homeomorphic to the Cantor set (see Fig. 5 for the graph of F ).

←
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Fig. 5. The graph of the function F in Example 3.7.

Proof. Note that G′
1 = {(f(x), x) : x ∈ [0, 1]} ∪{(g(x), x) : x ∈ [0, 1]} and the diameter of each component is 

3
8 . Moreover, G′

n is the union of 2n components, each one of them of diameter n+2
2n+2 . Hence, each component 

of 
∞⋂

n=1

(
G′

n ×
∞∏

i=n+2
[0, 1]

)
is a single point. Therefore, lim

←
F is a totally disconnected space.

Observe that for each n ∈ N, Domn(F ) =
[
0, 1

4
]
∪
[3

4 , 1
]
, Dom(F ) =

[
0, 1

4
]
∪
[3

4 , 1
]
. Hence, Theorem 2.4

implies that lim
←

F is a perfect space. �
4. Main results

In this section, we will give sufficient conditions so that the inverse limit is either a continuum or a Cantor 
set.

In this section, we assume that X is a compact metric space with bounded metric, F is a non-empty 
countable collection of mappings from X into itself, and the function F : X → 2X given by F (x) = {f(x) :
f ∈ F} is upper semi-continuous not necessarily surjective and such that Dom(F ) is a non-degenerate set.

Now, we consider the following notation. For all h, g ∈ F , h �= g, let Phg = {x ∈ X : h(x) = g(x)}, 
P =

⋃
h,g∈F

Phg and Q =
⋂

h,g∈F
Phg.

Theorem 4.1. Let X be a continuum. If for any h, g ∈ F , h �= g, Phg ∩ Dom(F ) �= ∅, then lim
←

F is a 

continuum. In particular, if Q ∩Dom(F ) �= ∅, then lim
←

F is a continuum.

Proof. We will prove by induction that Domn(F ) is a connected space for each n ∈ N. Since Phg∩Dom(F ) �=
∅ for each h, g ∈ F , then h(X) ∩ g(X) �= ∅. Because h and g are mappings and X is a continuum, we have 
that h(X) and g(X) are connected. Hence, h(X) ∪ g(X) is a connected space. So, 

⋃
h,g∈F

(h(X) ∪ g(X)) is a 

connected space. Since Dom1(F ) =
⋃
f∈F

f(X) =
⋃

h,g∈F
(h(X) ∪ g(X)), then Dom1(F ) is a connected space.

We suppose that Domn(F ) is a connected space. Since for each h, g ∈ F , Phg ∩ Domn(F ) �= ∅, then 
h(Domn(F )) ∩ g(Domn(F )) �= ∅. Because h and g are mappings and Domn(F ) is a continuum, we have 
that h(Domn(F )) and g(Domn(F )) are connected. Thus, h(Domn(F )) ∪ g(Domn(F )) is a connected space 
for each h, g ∈ F . Then 

⋃
h,g∈F

(h(Domn(F )) ∪ g(Domn(F ))) is a connected space. Since Domn+1(F ) =
⋃
f∈F

f(Domn(F )) =
⋃

h,g∈F
(h(Domn(F )) ∪ g(Domn(F ))), then Domn+1(F ) is a connected space.

Notice that Domn+1(F ) ⊆ Domn(F ) for each n ∈ N, and Dom(F ) =
⋂
n∈N

Domn(F ). So, Dom(F ) is 

a connected space. From Proposition 2.1, Dom(F ) is a compact space. This implies that Dom(F ) is a 
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continuum. Because of F |Dom(F ) : Dom(F ) → 2Dom(F ) has a surjective and connected graph, from [8, 
Theorem 3.1] we have that lim

←
(Dom(F ), F |Dom(F )) is a continuum. Theorem 2.2 implies that lim

←
F is a 

continuum. �
The following two results can be proved using the same ideas given in the proof of Theorem 4.1.

Theorem 4.2. Let X be a continuum, let h : X → X be a mapping, and let F : X → 2X be an upper 
semi-continuous function given by F (x) = {f(x) : f ∈ F} ∪ {h(x)}. Let Pf be the set of coincidence points 
of f and h, for each f ∈ F . If Pf ∩Dom(F ) �= ∅, for each f ∈ F , then lim

←
F is a continuum.

Proposition 4.3. Let X be a continuum, let k ∈ N, F = {fi : fi is a mapping from X into itself, 1 ≤ i ≤ k}
and Qi = {x ∈ X : fi(x) = fi+1(x)} for every 1 ≤ i < k. If Qi ∩ Dom(F ) �= ∅, for each 1 ≤ i < k, then 
lim
←

F is a continuum.

Corollary 4.4. Let X be a continuum. If there exists a point p ∈ X such that f(p) = p for each f ∈ F , then 
lim
←

F is a continuum.

Proof. Since for each f ∈ F , f(p) = p, then fn(p) = p for each n ∈ N. Thus, for each n ∈ N, p ∈⋂
f∈F

fn(X) ⊆ Domn(F ). Hence, p ∈ Dom(F ). Fix h ∈ F , then p ∈ Pf for each f ∈ F . By Theorem 4.2, 

lim
←

F is a continuum. �
Note that condition 3 in Theorem 1.2, is replaced in Theorem 4.2 by a more general condition. Observe 

that Example 3.2 does not satisfy condition 3 in Theorem 1.2. However, it satisfies the hypothesis of 
Theorem 4.2. So, the inverse limit is a continuum. On the other hand, the function h in Theorem 4.2 is 
universal with respect to the family F , but the mapping h is not assumed surjective. If h is surjective, then 
Theorem 1.1 is a Corollary of Theorem 4.2.

Examples 3.3 and 3.5 show that Theorem 4.1 and Theorem 4.2 are not always true if Pfg ∩Dom(F ) = ∅
for some f, g ∈ F such that f �= g or Pf ∩Dom(F ) = ∅ for some f ∈ F .

4.1. Contractive mappings

We will give some notations for this section. Let S be the collection of infinite sequences {fi}∞i=1 of 
F . For every n ∈ N, let Sn be the collection of all finite sequences {fi}ni=1 of F . For each f ∈ Sn, let 

G′
n(f) = {xn+1 ∈

n+1∏
i=1

X : xi = fi(xi+1), 1 ≤ i ≤ n}. Note that for every n ∈ N, G′
n =

⋃
f∈Sn

G′
n(f). For each 

f ∈ S, let lim
←

f = {x ∈
∞∏
i=1

X : xi = fi(xi+1), for all i ∈ N}. On the other hand, given f ∈ S and n ∈ N let 

fn = {fi : 1 ≤ i ≤ n}. Finally, if f ∈ S, let S(f) = {fn : n ∈ N}.

Proposition 4.5. lim
←

F =
⋃
f∈S

lim
←

f , and for any f ∈ S,

lim
←

f =
⋂
n∈N

{G′
n(fn) ×

∞∏
i=n+2

X : fn ∈ S(f)}.

Proof. Let x ∈ lim
←

F . So, xi ∈ F (xi+1) for each i ∈ N. The fact that F (x) = {f(x) : f ∈ F} for each 

x ∈ X, implies that for each i ∈ N, xi = fi(xi+1) for some fi ∈ F . Thus, x ∈ lim f for some f ∈ S.

←
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On the other hand, let f ∈ S and let x ∈ lim
←

f . So, xi = fi(xi+1) for each i ∈ N. Hence, for each i ∈ N, 
xi ∈ F (xi+1). This implies that x ∈ lim

←
F . �

Observe that if P ∩Dom(F ) = ∅, then lim
←

f ∩ lim
←

g = ∅ for each f , g ∈ S, f �= g.
From now on, we will consider that F is contractive with module α and the function F satisfies that 

Dom(F ) ∩ P = ∅.

Lemma 4.6. For each f ∈ S, lim
←

f is a degenerate set.

Proof. Let x, y ∈ lim
←

f . We will prove that x = y proving that for each n ∈ N, xn = yn.
Let n ∈ N. Since F is contractive, then we have that d(xn, yn) ≤ αmd(xn+m, yn+m) ≤ αm for each 

m ∈ N. The fact that α < 1, implies that αm converges to zero when m → ∞. So, d(xn, yn) = 0. Therefore 
xn = yn. �
Theorem 4.7. lim

←
F is a totally disconnected space.

Proof. Since Dom(F ) ∩P = ∅, then G′
n =

⋃
f∈Sn

G′
n(f) is the union of pairwise disjoint sets. Moreover, G′

n(f)

is connected for each f ∈ Sn, n ∈ N. Let D be a component of lim
←

F and let x, y ∈ D be such that x �= y. 
By Proposition 4.5 and Lemma 4.6, there exist f , g ∈ S such that {x} = lim

←
f and {y} = lim

←
g. The fact 

that x �= y implies that f �= g. Then there exists n ∈ N such that fn �= gn. So, G′
n(fn) ∩ G′

n(gn) = ∅. 
Therefore xn+1 and yn+1 are in different components of G′

n. This implies that the points x and y are in 
different components, a contradiction. �
Theorem 4.8. lim

←
F is a perfect space.

Proof. Let x ∈ lim
←

F . By Lemma 4.6, there exists f ∈ S such that {x} = lim
←

f . Moreover, from Proposi-

tion 4.5, lim
←

f =
⋂

fn∈S(f)

(
G′

n(fn) ×
∞∏

i=n+2
X

)
. For each m ∈ N, let fm = {fm,i}∞i=1 ∈ S where fm,i = fi if 

1 ≤ i ≤ m and fm,m+1 �= fm+1. For each m ∈ N, let {xm} = lim
←

fm. Since Dom(F ) ∩ P = ∅, xk �= xm for 

every k, m ∈ N, k �= m. Note that for each m ∈ N, xm ∈ G′
m(fm) ×

∞∏
i=m+2

X. Under this construction we 

have that the sequence {xm}∞m=1 converges to x. Therefore, lim
←

F is a perfect space. �
The following result is a consequence of [6, Theorem 111], Theorem 4.7 and Theorem 4.8.

Corollary 4.9. lim
←

F is homeomorphic to the Cantor set.

In Corollary 4.9, F may or may not have a surjective graph. However, if F is a surjective function, then 
the condition Dom(F ) ∩P = ∅ implies that for each f, g ∈ F , f �= g, Pfg = ∅. Hence, Examples 3.3, 3.4, 3.6
and 3.7 are particular cases of Corollary 4.9. Additionally, Example 3.5 is a particular case of the following 
Corollary.

Corollary 4.10. If each f ∈ F satisfies that f |Dom(F ) is a contractive mapping and Dom(F ) ∩ P = ∅, then 
limF is homeomorphic to the Cantor set.

←
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It is important to say that there exists F an uncountable family of contractive mappings such that the 
function F is the set theoretic union of the elements of F , P ∩Dom(F ) = ∅, and the inverse limit of F is 
the Hilbert Cube. Indeed, for each x ∈ [0, 1], let fx : [0, 1] → [0, 1] defined by fx(t) = x, F = {fx : x ∈ [0, 1]}
and F : [0, 1] → 2[0,1] given by F (t) = {fx(t) : fx ∈ F , x ∈ [0, 1]} = [0, 1]. Then the collection F and the 
function F satisfy the conditions. Moreover, it is not difficult to give an example where F is an uncountable 
family of contractive mappings such that the function F defined by the set theoretic union of the elements 
of F is upper semi-continuous, the graph of F is not connected, P ∩Dom(F ) = ∅ and lim

←
F is not a Cantor 

set.
Finally, in the following example, lim

←
F is homeomorphic to the Cantor set, but F is not the union of a 

family of mappings from [0, 1] into itself.

Example 4.11. Let F : [0, 1] → 2[0,1] be the upper semi-continuous function defined by

F (x) =
{

{0, 1
4} if x ∈ [0, 1

2 ],
{3

4 , 1} if x ∈ [ 12 , 1].

Then, lim
←

F is homeomorphic to the Cantor set
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