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Resumen

Un continuo es un espacio métrico, compacto, conexo y no vaćıo. Sea C(X) el hiperespacio de sub-
continuos de un continuo X y µ : C(X) ! [0, 1] una función de Whitney. Sea X un continuo y sea
c, d 2 [0, 1] con c < d y µ�1([c, d]) es unicoherente. Entonces un elemento A 2 µ�1([c, d]) hace un agujero
en µ�1([c, d]) si µ�1([c, d]) � {A} no es unicoherente. En este trabajo se da una caracterización de los
elementos A 2 µ�1([c, d]) que hacen un agujero en µ�1([c, d]) cuando X es una dendrita .
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Introducción

La unicoherencia es una propiedad muy importante en Topoloǵıa, que es muy útil para distinguir
espacios topológicos.
Un continuo Z es unicoherente si cada que Z = A [ B, con A y B subconjuntos cerrados y conexos
en Z, se tiene que A \ B es conexo. Una dendrita es un continuo localmente conexo y hereditariamente
unicoherente. Sean Z un continuo unicoherente y z un elemento de Z, decimos que z hace un agujero en
Z si Z � {z} no es unicoherente, en caso contrario, decimos que z no agujera a Z.
Un continuo es un espacio métrico, compacto, conexo y no vaćıo.
Un hiperespacio de un continuo X es una familia de subconjuntos de X que cumplen propiedades espe-
cificas. Algunos de ellos son:

2X = {A ✓ X : A es cerrado y no vaćıo}.
C(X) = {A ✓ 2X : A es conexo}.

A estos hiperespacios se les considera con la métrica de Hausdor↵, los hiperespacios también son conti-
nuos.
Recientemente, la clasificación de los puntos que agujeran a un espacio unicoherente ha sido muy útil
para distinguir espacios topolgicos, especialmente hiperespacios, por ejemplo: en Lemas 2,1 y 2,2 [??, pp.
348 � 349], el autor muestra que C2([0, 1]) � A es unicoherente para cada A 2 C2([0, 1]) mientras que
C2(S1)� S1 no es unicoherente, donde S1 es la circunferencia unitaria del plano Euclidiano centrada en
el origen. Como consecuencia, se obtiene que C2([0, 1]) y C2(S1) no son homeomorfos en contraste con el
hecho que C([0, 1]) y C(S1) lo son.
Lo anterior queda plasmado en el siguiente problema :

Problema 1. Sea X un continuo unicoherente y H(X) un hiperespacio de X. Determinar que elementos
A 2 H(X) agujeran a H(X).

Algunas soluciones parciales a este problema se encuentran en [2], [3] y [4].
Una función de Whitney para C(X) es una función continua µ : C(X) ! [0, 1] que satisface las siguientes
condiciones :
a)µ({p}) = 0 para cada p 2 X.
b)µ(A) < µ(B) siempre que A ⇢ B.
c)µ(X) = 1.
Un bloque de Whitney es un conjunto de la forma µ�1([a, b]), para a, b 2 [0, 1].
Abordaremos este problema en la clase de dendritas y considerando H(X) como un bloque de Whitney:

Problema 2. Sea X una dendrita y µ : C(X) ! [0, 1] una función de Whitney para C(X).Determinar
que elementos A 2 µ�1([a, b]) agujeran a µ�1([a, b])?.
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Agujeros en bloques de Whitney en el hiperespacio de 
subcontinuos de dendritas 

 
 

Resumen. El hiperespacio de todos los subcontinuos de un continuo ܺ es 
denotado por Cሺܺሻ. Este hiperespacio es considerado con la métrica de 
Hausdorff. Diremos que un elemento 𝐴 de ܥሺܺሻ agujera a ܥሺܺሻ si ܥሺܺሻ െ
ሼ𝐴ሽ  no es unicoherente. Considerando  ߤ: ሺܺሻܥ → ሾ0,1ሿ  una función de 
Whitney para C(X) y ିߤଵሺሾܽ, ܾሿሻ un bloque de Whitney unicoherente con 
0 ൑ ܽ ൏ ܾ ൑ 1  el presente proyecto está enfocado a caracterizar los 
elementos 𝐴 de  ିߤଵሺሾܽ, ܾሿሻ  tales que 𝐴 agujera  a  ିߤଵሺሾܽ, ܾሿሻ cuando ܺ es 
una dendrita. 

 
1. ANTECEDENTES 

 
La Teoría de Hiperespacios, una rama importante de la topología, tuvo sus 

inicios a principios del Siglo XX y desde entonces la investigación en esta área ha 
experimentado un interés creciente. La teoría de hiperespacios se encarga de estudiar 
familias particulares de subconjuntos de los espacios topológicos. Esta teoría ha 
mostrado ser muy útil en el comportamiento topológico de los espacios originales con 
respecto a las propiedades que presentan los hiperespacios y viceversa, lo cual se 
refleja en la amplia bibliografía que existe al respecto.  Algunos de los hiperespacios 
más estudiados para un espacio métrico ܺ son: 

 
ሺܺሻܮܥ ൌ ሼ𝐴 ⊆ ܺ: 𝐴 es cerrado en ܺ y 𝐴 ് ∅ሽ, 

2௑ ൌ ሼ𝐴 ∈ :ሺܺሻܮܥ 𝐴 es compactoሽ, 
ሺܺሻܥ ൌ ሼ𝐴 ∈ 2௑: 𝐴 es conexoሽ, 

௡ሺܺሻܨ ൌ ሼ 𝐴 ∈ 2௑: 𝐴 tiene a lo más ݊ puntosሽ y 
௡ሺܺሻܥ ൌ ሼ 𝐴 ∈ 2௑: 𝐴 tiene a lo más ݊ componentesሽ. 

 
Un continuo es un espacio métrico, compacto, conexo y no vacío. Un continuo es una 
dendrita si es localmente conexo y no contiene circunferencias. Una función de Whitney 
para C(X), es una función continua ߤ: ሺܺሻܥ → ሾ0,1ሿ que satisface las siguientes condiciones: 
a) ߤሺሼ݌ሽሻ ൌ 0  para cada ݌ ∈ ܺ 
b)ߤሺ𝐴ሻ ൏ ሻ siempre que 𝐴ܤሺߤ ⊂  ܤ
c)ߤሺܺሻ ൌ 1 
Dados ܽ, ܾ ∈ ሾ0,1ሿ  un bloque de Whitney es el conjunto ିߤଵሺሾܽ, ܾሿሻ . 

 Hasta el momento, los hiperespacios para un continuo ܺ más investigados han 
sido 2௑  y ܥሺܺሻ . A pesar que se tiene un amplio conocimiento sobre ambos 
hiperespacios, aún existe terreno poco explorado. Por ejemplo, caracterizar los 
elementos 𝐴 de ܥሺܺሻ tal que 𝐴 agujera a ܥሺܺሻ. El presente proyecto está enfocado a 
estudiar este problema para la clase de dendritas y considerando a un bloque de 
Whitney en vez de considerar a todo el hiperespacio de subcontinuos. 

  



2. JUSTIFICACIÓN 
 

Un espacio topológico ܺ  es unicoherente si para cada par de subconjuntos 
cerrados y conexos de ܭ y ܮ de ܺ tales que ܺ ൌ ܭ ∪ ܭ se cumple que ܮ ∩  .es conexo ܮ
Un punto ݔ de un espacio unicoherente ܺ agujera a ܺ si ܺ െ ሼݔሽ no es unicoherente. La 
clasificación de los puntos que agujeran a un espacio unicoherente ha sido muy útil para 
distinguir espacios topológicos, especialmente hiperespacios, por ejemplo: en Lemas 
2.1 y 2.2 [1, pp. 348-349], el autor muestra que ܥଶሺሾ0,1ሿሻ െ ሼ𝐴ሽ es unicoherente para 
cada 𝐴 ∈ ଶሺሾ0,1ሿሻܥ  mientras que ܥଶሺܵଵሻ െ ሼܵଵሽ  no es unicoherente, donde ܵଵ  es la 
circunferencia unitaria del plano Euclidiano centrada en el origen. Como consecuencia, 
se obtiene que ܥଶሺሾ0,1ሿሻ y ܥଶሺܵଵሻ no son homeomorfos en contraste con el hecho que 
 .ሺܵଵሻ lo sonܥ ሺሾ0,1ሿሻ yܥ

 
El presente proyecto está enfocado a obtener una clasificación de puntos que 

agujeran a un bloque de Whitney del  hiperespacio de subcontinuos de un continuo, en 
la familia de dendritas, con la finalidad de contribuir a hacer más completo el 
entendimiento sobre las relaciones entre los hiperespacios y el continuo base.  

 
3. DEFINICIÓN DEL PROBLEMA 

 
Estamos interesados en el siguiente problema que aparece por primera vez en 

[2, p. 2000]: 
 

PROBLEMA 1: Dado un continuo ܺ , caracterizar los elementos 𝐴  de ܪሺܺሻ  tal que 𝐴 
agujera a ܪሺܺሻ.  

 
 

             En este proyecto daremos otro enfoque relacionado a este problema, estudiaremos 
los bloques de  Whitney en lugar de estudiar todo el espacio, en el siguiente sentido, dada  
una  dendrita X,  ߤ: ሺܺሻܥ → ሾ0,1ሿ  una función de Whitney, ¿para cuales elementos  𝐴 ∈
,ଵሺሾܽିߤ ܾሿሻ  se tiene que A agujera a ିߤଵሺሾܽ, ܾሿሻ   

 
 
Soluciones parciales al Problema 1 pueden ser consultadas en [2], [3], [4], [5], 

[6], [7] y [8] 
 
 
 

4. OBJETIVOS Y METAS 
 

Dar una caracterización de los elementos 𝐴  de ିߤଵሺሾܽ, ܾሿሻ que agujeran a ିߤଵሺሾܽ, ܾሿሻ  
cuando ܺ es una dendrita y ߤ: ሺܺሻܥ → ሾ0,1ሿ  una función de Whitney. 

 
5. METODOLOGÍA 

 
Se empleará la metodología usual en proyectos de investigación en matemáticas: 



x Se realizará discusiones conjuntas con los Tutores Académicos sobre los 
avances conseguidos. 

x Se expondrán artículos relacionados al tema de investigación ante los 
Tutores Académicos. 

x Se realizará investigación personal. 
x Se realizará investigación bibliográfica existente con fines de generar 

nuevas líneas de investigación. 
x Se expondrán los resultados obtenidos más importantes en congresos 

nacionales o talleres. 
x Se participará activamente en las sesiones semanales del Seminario 

Permanente de Hiperespacio de Continuos de la Facultad de Ciencias de 
la UAEMéx. 
 

6. PRODUCTOS COMPROMETIDOS 
 
Envío de un artículo de investigación que contenga los resultados obtenidos más 

importantes al proceso de arbitraje de una revista indizada, de circulación 
internacional y especializada en el área para su posible publicación. 
 

7. PROGRAMA DE ACTIVIDADES CALENDARIZADO 
 

Actividades Semestre 
1ero 2do 3er 4to 

ALGEBRA MODERNA X    
ANALISIS REAL Y COMPLEJO I X    
SEMINARIO INTERDISCIPLINARIO I X    
ACTIVIDADES DE INVESTIGACION DE 
MAESTRIA I X    

HIPERESPACIOS DE CONTINUOS  X   
TEMAS SELECTOS DE TEORIA DE 
CONTINUOS  X   

SEMINARIO INTERDISCIPLINARIO II  X   
ACTIVIDADES DE INVESTIGACION DE 
MAESTRIA II  X   

TOPOLOGIA I   X  
TOPOLOGIA II   X  
SEMINARIO INTERDISCIPLINARIO III   X  
ACTIVIDADES DE INVESTIGACION DE 
MAESTRIA III   X  

SEMINARIO INTERDISCIPLINARIO IV    X 
ACTIVIDADES DE INVESTIGACION DE 
MAESTRIA IV    X 

ASISTENCIA Y PARTICIPACIÓN EN EL 
SEMINARIO PERMANENTE DE TEORÍA 
DE CONTINUOS Y SUS HIPERESPACIOS 

X X X X 
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MAKING HOLES IN WHITNEY BLOCKS IN THE1

HYPERSPACE OF DENDRITES2

JOSÉ G. ANAYA, MARLEN JIMENEZ, DAVID MAYA,3
AND FERNANDO OROZCO-ZITLI4

Abstract. A continuum is a non-empty, compact, connected, metric
space. Let C(X) be the hyperspace of all subcontinua of a continuum X
and let µ : C(X) ! [0, 1] be a Whitney map. Let X be a continuum and
let c, d 2 [0, 1] be such that c < d and µ�1([c, d]) is unicoherent. Then an
element A 2 µ�1([c, d]) makes a hole in µ�1([c, d]) if µ�1([c, d]) � {A}

is not unicoherent. In this paper, the elements A 2 µ�1([c, d]) satisfying
A makes a hole in µ�1([c, d]) when X is a dendrite are characterized.

1. Introduction5

A connected topological space Z is unicoherent provided that A \ B is6

connected whenever A and B are connected closed subsets of Z such that7

Z = A[B. A point z in a unicoherent topological space Z makes a hole in8

Z if Z � {z} is not unicoherent.9

A continuum is a non-empty, compact, connected, metric space. The10

hyperspace of all subcontinua of a continuum X is denoted by C(X) endowed11

with the Hausdorff metric (see [15, p. 53] for the definition of Hausdorff12

metric). A Whitney map for C(X) is a map µ : C(X) ! [0, 1] such that:13

(µ.1) µ({p}) = 0 for every p 2 X.14

(µ.2) µ(A) < µ(B) whenever A ( B.15

(µ.3) µ(X) = 1.16

Whitney maps always exist for every continuum (see [13, Theorem 13.4,17

p. 107]). A Whtiney block in C(X) is a set of the form µ�1([c, d]) where18

0  c < d  1.19

A dendrite is a hereditarily unicoherent locally connected continuum20

(hereditarily unicoherent means each one of its subcontinua is unicoherent).21

The main interest of this paper is the following problem arised in [1, p.22

2000].23

Problem. Let H be a unicoherent hyperspace of a continuum X. For which24

elements A 2 H, A makes a hole in H.25

2010 Mathematics Subject Classification. Primary 54B20; Secondary 54F55.
Key words and phrases. continuum, make a hole, Whitney map, Whitney block, uni-

coherence, property b), dendrite.
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The unicoherence of all Whitney block in the hyperspace of a dendrite26

is proved in Theorem 2.11. In the current paper, the partial solution to27

this problem when X is a dendrite and H is a Whitney block in C(X) is28

presented.29

Readers specially interested in this problem are referred to [2–7].30

2. Preliminaries and auxiliary results31

The set of all positive integer will be denoted by N.32

Let X be a topological space. Given a subset A of X, the closure of A33

and the interior of A in X are represented by ClXA and IntXA, respectively.34

A point x 2 X is a cut point of X provided that X � {x} is not connected.35

The interval [0, 1] is denoted by I. An arc is any homeomorphic space to I.36

Let X be a dendrite. If z is a point of X, then by order of z in X,37

denoted by ord(z,X), is understood the Menger-Uryshon order (see [15,38

Definition 9.3, p. 141]), or equivalently, the order in the classical sense, this39

means the number of arcs emanating from z and disjoint out of z (see [8,40

p. 229]). The symbol E(X) denotes the set {x 2 X : ord(x,X) = 1}. For41

p, q 2 X, the symbol pq denotes the unique arc contained in X between p42

and q if p 6= q, and pq = {p} otherwise.43

A map stands for a continuous function between topological spaces. De-44

note by exp the map from the real line R onto the unit circle in the Euclidean45

plane centered at the origin S1 defined by exp(t) = (cos(2⇡t), sin(2⇡t)). A46

map f from a connected topological space Z into S1 has a lifting if there47

exists a map h from R into S1 such that f = exp �h. A connected topologi-48

cal space Z has property b) if each map f : Z ! S1 has a lifting. In locally49

connected, connected metric space, to have property b) and unicoherence50

are equivalent (see [10, Theorem 3, p. 70]).51

A subset Z of a topological space W is a deformation retract of W if52

there exists a map L : W ⇥ I ! W such that L(x, 0) = x for every x 2 W ,53

L(X ⇥ {1}) = Z and L(z, 1) = z for each z 2 Z. Such homotopy L is called54

deformation retraction from W to Z.55

Proposition 2.1. Let X be a locally connected unicoherent continuum, let56

µ be a Whitney map for C(X) and let c, d 2 I be such that c < d. If B is a57

connected open subset of µ�1([c, d]) and l 2 [c, d] are such that µ�1(l) is a58

deformation retract of B, then B has property b).59
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Proof. In light of [12, Theorem A, p. 252], µ�1(l) is unicoherent. From our60

assumption µ�1(l) is deformation retract of B and [9, Theorem 3, p. 160],61

it follows that B is unicoherent.62

Now, invoke [1, Theorem 3.1] to conclude that µ�1([c, d]) is locally con-63

nected. Now, this and the fact that B is an open subset of µ�1([c, d]) together64

imply that B is locally connected.65

In conclusion, B is a unicoherent, connected, locally connected, metric66

space and so, by [10, Theorem 3, p. 70], B has property b). ⇤67

Proposition 2.2. Let X be a continuum and let c, d, u, v, w 2 I be such68

that u 2 I � [c, d], {v, w} = {c, d} and |v � u| = min{|c � u|, |d � u|}.69

If L : C(X) ⇥ I ! C(X) is a map such that each one of the following70

statements holds:71

(L.1) L(B, 0) = B for each B 2 C(X),72

(L.2) L(C(X)⇥ {1}) ✓ µ�1(u),73

(L.3) L(B, s) ( L(B, t) whenever s, t 2 I are such that s < t and µ(B) <74

u and75

(L.4) L(B, t) ( L(B, s) whenever s, t 2 I are such that s < t and µ(B) >76

u,77

then there exists a map 'L : µ�1([c, d])⇥ I ! µ�1([c, d]) satisfying:78

('.1) 'L(D, 0) = D for each D 2 µ�1([c, d]),79

('.2) 'L(µ�1([c, d])⇥ {1}) = µ�1(v),80

('.3) '�1
L (D) = {(D, 0)} for each D 2 µ�1(w), and81

('.4) 'L(M, 1) = M for each M 2 µ�1(v).82

Proof. Let B 2 µ�1([c, d]). Condition (L.1) and (L.2) and the assumptions83

on u and v guarantees that {L(B, t) : t 2 I} \ µ�1(v) must be non-empty.84

From this, (L.3) and (L.4), it follows that there exists a unique tB 2 I such85

that µ(L(B, tB)) = v. Define the function ✓ : µ�1([c, d]) ! I by ✓(B) is the86

unique element in I satisfying that µ(L(B, ✓(B))) = v. Let us show that ✓87

is a map.88

Let {Bn}
1
n=1 be a sequence in µ�1([c, d]) converging to B0 2 µ�1([c, d]).89

The compactness of I allows us assume that the sequence {✓(Bn)}1n=1 con-90

verges to some q 2 I. Apply the continuity of L and of µ to get the equality91

µ(L(B0, q)) = limµ(L(Bn, ✓(Bn))) = v. Hence, ✓(B0) = q. This proves that92

✓ is continuous.93

Define 'L : µ�1([c, d])⇥ I ! µ�1([c, d]) by letting

'L(B, t) = L(B, t✓(B))).
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In order to see that 'L is well defined, let (D, t) 2 µ�1([c, d])⇥ I. If µ(D) <94

u, then the inclusions L(D, ✓(D)) ✓ 'L(D, t) ✓ D are implied by (L.3)95

and so µ('L(D, t)) 2 [c, d]. Under the assumption µ(D) > u, condition96

(L.4) guarantees that D ✓ 'L(D, t) ✓ L(D, ✓(D)) and this implies that97

'(D, t) 2 [c, d]. This proves that 'L is well defined.98

The continuity of 'L follows from so are L and ✓. From the definition of99

'L and (L.1), it follows that ('.1) holds. Now, let D 2 µ�1(w). The inclusion100

(D, 0) 2 '�1
L (D) is an immediately consequence of condition (L.1). In order101

to see that '�1
L (D) is contained in {(D, 0)}, let (K, s) 2 µ�1([c, d]) be such102

that 'L(K, s) = D. Let us prove that s = 0. Seeking a contradiction assume103

that s > 0. In light of (L.1) and (L.3), if µ(K) < u, then v = d, w = c and104

K = L(K, 0) ( L(K, s✓(K)) = 'L(K, s) = D and so µ(K) < µ(D) = c.105

Hence, µ(K) > u. Thus, v = c and w = d. By (L.4), the inclusions D =106

'L(K, s) = L(K, s✓(K)) ( L(K, 0) = K holds. Then d = µ(D) < µ(K). A107

contradiction. This implies that s = 0 and so, by ('.1), D = 'L(K, 0) = K.108

Therefore, '�1
L (D) = {(D, 0)}.109

Finallly, notice that if D 2 µ�1([c, d]), then µ('L(D, 1)) = µ(L(D, ✓(D))) =110

v, and if M 2 µ�1(v), then ✓(M) = 0 and so, by (L.1), 'L(M, 1) =111

L(M, ✓(M)) = L(M, 0) = M . Thus, ('.2) and ('.4) are true. ⇤112

The next result will be used without mention it explicitly throughout113

this paper.114

Proposition 2.3. Let X be a continuum, let {Bn}n2N be a sequence in115

C(X) and let B 2 C(X). Then B = limBn if and only if each one of the116

following statements holds.117

(1) For each x 2 B, there exists a sequence {xn}n2N in X such that118

lim xn = x and each xn 2 Bn.119

(2) If {nk}k2N is an increasing sequence in N and {yk}k2N is a convergent120

sequence in X such that yk 2 Bnk
for each k 2 N, then lim yk 2 B.121

Proposition 2.4. Let X be a dendrite and let a, b 2 X. If {an}n2N and122

{bn}n2N are sequences in X such that lim an = a and lim bn = b, then123

lim anbn = ab.124

Proof. First, assume that a = b. Observe that a 2 lim anbn. In order to see125

that lim anbn ✓ {a}, let y 2 X � {a}. Then, there exists a connected open126

subset V of X such that a 2 V ✓ ClXV ✓ X � {y}. Now, there exists127

m 2 N such that an, bn 2 V for each n � m. On the other hand, by [15,128

Theorem 8.26, p. 132], the set V is arcwise connected. Hence, the uniqueness129

of the arcs in dendrites implies that anbn ✓ V for each n � m. Thus, if130
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{zn}n2N is a convergent sequence of points of X such that each zn 2 anbn,131

then lim zn 2 ClXV and so y /2 lim anbn. In conclusion, lim anbn = {a} = ab.132

Second, assume that a 6= b. In light of [15, Theorem 10.2, p. 166], there133

exists p 2 X and non-empty disjoint open subsets U and V of X such that134

X \ {p} = U [ V , a 2 U and b 2 V . Let m 2 N be such that an 2 U and135

bn 2 V for each n � m. Notice that if n � m, then p 2 anbn. Now, [14,136

Corollary 4, p. 298] guarantees that X is arc-smooth at p. This implies137

that lim pan = pa and lim pbn = pb and so lim anbn = lim(anp [ bnp) =138

(lim pan) [ (lim pbn) = pa [ pb = ab. The proof is complete. ⇤139

Given a proper subcontinuum A of a dendrite X, for each x 2 X � A,140

by [15, Lemma 10.24, p. 175], there exists a unique point  A(x) 2 A such141

that  A(x) is a point of any arc in X from x to any point of A. Define142

r : X ⇥ C(X) ! X by letting r(x,A) =  A(x) if x 2 X � A and letting143

r(x,A) = x if x 2 A.144

Proposition 2.5. The function r is a map.145

Proof. Let {(xn, An)} be a sequence in X ⇥ C(X) converging to (x,A) 2146

X⇥C(X). The compactness of X allows us to assume that there exists y 2 X147

such that lim r(xn, An) = y. Since limAn = A and each r(xn, An) 2 An, the148

inclusion y 2 A holds. Now, let us prove that y 2 xa for each a 2 A. Choose149

a 2 A. Then there exists a sequence {an}n2N in X such that an 2 An for each150

n 2 N and lim an = a. Apply Proposition 2.4 to obtain that lim xnan = xa.151

Now, from this and the fact that r(xn, An) 2 xnan for each n 2 N, it follows152

that y = lim r(xn, An) 2 lim xnan = xa. Thus, r(x,A) = y. ⇤153

Lemma 2.6. Let X be a dendrite, let a, b 2 X and let µ be a Whitney map154

for C(X). If 0  t  µ(ab), then there exists a unique element z 2 ab such155

that µ(az) = t.156

Proof. Let g : ab ! [0, µ(a, b)] be the function defined by g(x) = µ(ax). Let157

us prove that g is a homeomorphism.158

In order to see that g is one-to-one, let x, y 2 ab be such that g(x) = g(y).159

Observe that either ax ✓ ay or ay ✓ ax. From the fact that µ(ax) = µ(ay),160

it follows that ax = ay. Then x = y.161

Now, let {xn}n2N be a sequence in ab converging to x0 2 ab. In light of162

Proposition 2.4, the sequence {axn}n2N converges to ax0. The continuity of163

µ guarantees that lim g(xn) = limµ(axn) = µ(ax0) = g(x0). In conclusion,164

g is continuous.165

Finally, observe that g(ab) is a connected subset of [0, µ(ab)], g(a) = 0166

and g(b) = µ(ab). Hence, g must be an onto map.167
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Therefore, g is a homeomorphism. ⇤168

Lemma 2.7. Let x 2 X and let A 2 C(X). If y 2 r(x,A)x, then r(y, A) =169

r(x,A).170

Proof. First, assume that y 2 A. Then r(x,A) 2 xy and r(y, A) = y. From171

this and our assumption follows that xy ✓ r(x,A)x and r(x,A)x ✓ xy.172

Hence, xy = r(x,A)x and so r(y, A) = y = r(x, it, A).173

Suppose that y 2 X \ A. Since r(x,A) 2 A, r(y, A) 2 r(x,A)y ✓174

r(x,A)x. Now, observe that if a 2 A, then r(y, A) 2 r(x,A)x ✓ ax. So,175

r(y, A) 2 A belonging to any arc in X from x to any point of A. This176

implies that r(x,A) = r(y, A). ⇤177

For a dendrite X and a Whitney map µ : C(X) ! I, define � : X ⇥X ⇥178

C(X) ⇥ I ! X by �(x, y, A, t) is the unique element of r(y, A)x such that179

µ(r(y, A)�(x, y, A, t)) = tµ(r(y, A)x).180

Proposition 2.8. The function � is a map and, for each (x, y, A) 2 X ⇥181

X ⇥ C(X), each one of the following statements holds.182

(�.1) �(x, y, A, 1) = x.183

(�.2) �(x, y, A, 0) = r(y, A). and184

(�.3) If t, s 2 I, then �(�(x, y, A, s), y, A, t) = �(x, y, A, ts).185

Proof. First, the fact that � is well defined follows from Lemma 2.6. In186

order to prove the continuity of �, let {(xn, yn, An, tn)}n2N be a sequence in187

X ⇥ X ⇥ C(X) ⇥ I converging to (x, y, A, t) 2 X ⇥ X ⇥ C(X) ⇥ I. The188

compactness of X allows us to suppose that there exists z 2 X such that189

lim�(xn, yn, An, tn) = z. Let us prove that z 2 r(y, A)x and µ(r(y, A)z) =190

tµ(r(y, A)x).191

Observe that Propositions 2.4 and 2.5 together guarantee that192

lim r(yn, An)xn = r(y, A)x and lim r(yn, An)�(xn, yn, An, tn) = r(y, A)z.193

Now, since each �(xn, yn, An, tn) 2 r(yn, An)xn, the inclusion z 2 r(y, A)x194

holds. The continuity of µ implies that µ(r(y, A)z) =195

limµ(r(yn, An)�(xn, yn, An, tn)) = lim tnµ(r(yn, An)xn) = tµ(r(y, A)x).196

Hence, z = �(x, y, A, t). In conclusion, � is a map.197

Next, by definition, �(x, y, A, 0),�(x, y, A, 1) 2 r(y, A)x are such that198

µ(r(y, A)�(x, y, A, 0)) = 0 and µ(r(y, A)�(x, y, A, 1)) = µ(r(y, A)x) and so,199

�(x, y, A, 0) = r(y, A) and �(x, y, A, 1) = x. This proves that (�.1) and (�.2)200

are satisfied.201

Finally, by definition, �(x, y, A, s) 2 r(y, A)x and �(�(x, y, A, s), y, A, t) 2202

r(y, A)�(x, y, A, s) are such that µ(r(y, A)�(x, y, A, s)) = sµ(r(y, A)x) and203
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µ(r(y, A)�(�(x, y, A, s), y, A, t)) = tµ(r(y, A)�(x, y, A, s)). So,204

tsµ(r(y, A)x) = µ(r(y, A)�(�(x, y, A, s), y, A, t)) and r(y, A)�(x, y, A, s) ✓205

r(y, A)x. This implies that �(�(x, y, A, s), y, A, t) = �(x, y, A, ts). Thus, �206

fulfills (�.3). ⇤207

Let p 2 X. Define F : C(X)⇥ I ! C(X) by

F (A, t) = �(A⇥ {p}⇥ {A}⇥ {t}).

Theorem 2.9. The function F is a map such that each one of the following208

statements holds.209

(F .1) F (A, 0) = A for each A 2 C(X).210

(F .2) F (C(X)⇥ {1}) = µ�1(0).211

(F .3) If A 2 C(X) and s, t 2 I are such that s < t, then F (A, t) ( F (A, s).212

213

(F .4) F ({x}, 1) = {x} for each x 2 X.214

Proof. The continuity of � implies that F is a map. Invoke (�.1) and (�.2)
to see that

F (A, 1) = {�(x, p, A, 0) : x 2 A} = A

and
F (A, 0) = {�(x, p, A, 1) : x 2 A} = {r(p, A)} 2 µ�1(0)

for each A 2 C(X). Hence, (F .1) and (F .2) are satisfied.215

Since r(p, {x}) = x for each x 2 X, the condition (F .4) holds.216

Next, to show that F fulfils (F .3), let A 2 C(X) and let s, t 2 I217

be such that s < t. Take y 2 F (A, s). This means there exists x 2 A218

such that y = �(x, p, A, s). In light of (�.3), y = �(�(x, p, A, st ), p, A, t).219

So, since �(x, p, A, st ) 2 r(p, A)x ✓ A, y 2 F (A, t). This proves that220

F (A, s) ✓ F (A, t). Finally, the compactness of A guarantees that there221

exists q 2 A such that µ(r(p, A)q) = sup{µ(r(p, A)z) : z 2 A}. Let us222

argue that �(q, p, A, t) 2 F (A, t) \ F (A, s). Seeking a contradiction, assume223

that there exists w 2 A such that �(w, p,A, s) = �(q, p, A, t). From the224

fact that µ(r(p, A)�(w, p,A, s)) = sµ(r(p, A)w) and µ(r(p, A)�(q, p, A, t)) =225

tµ(r(p, A)q), it follows that µ(r(p, A)w) = t
sµ(r(p, A)q) > µ(r(p, A)q). This226

contradicts the choice of q. In conclusion, F (A, s) is a proper subset of227

F (A, t). ⇤228

Define G : C(X)⇥ I ! C(X) by

G(A, t) = {�(x, x, A, t) : x 2 X}.

Proposition 2.10. The function G is a map such that each one of the229

following statements holds.230
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(G.1) G(A, 0) = A for each A 2 C(X).231

(G.2) G(C(X)⇥ {1}) = {X}.232

(G.3) If A 2 C(X) and s, t 2 I are such that s < t, then G(A, s) ( G(A, t).233

234

Proof. The continuity of G follows from so is �. Now, let A 2 C(X). Apply
(�.1) and (�.2) to get the equalities

G(A, 0) = {�(x, x, A, 0) : x 2 X} = {r(x,A) : x 2 X} = A

and
G(A, 1) = {�(x, x, A, 1) : x 2 X} = X.

So, (G.2) and (G.3) are satisfied.235

Now, let A 2 C(X) and let s, t 2 I be such that s < t. If s = 0, then236

G(A, 0) = A, �(a, a, A, t) = a for each a 2 A and �(x, x, A, t) 2 X \ A237

for each x 2 X \ A and so G(A, 0) is a proper subset of G(A, t). As-238

sume that s > 0 and take y 2 G(A, s). Then there exists x 2 X such239

that y = �(x, x, A, s). By Lemma 2.6, there exists w 2 r(x,A)x fulfill-240

ing µ(r(x,A)w) = s
tµ(r(x,A)x). Lemma 2.7 guarantees that r(w,A) =241

r(x,A). Then, µ(r(w,A)y) = µ(r(x,A)y) = sµ(r(x,A)x) = tµ(r(w,A)w)242

and so y = �(w,w,A, t) 2 G(A, t). Finally, let us argue that G(A, s) is243

a proper subset of G(A, t). The compactness of X guarantees that there244

exists z 2 X such that µ(r(z, A)z) = sup{µ(r(b, A)b) : b 2 X}. Set245

q = �(z, z, A, t). Thus, q 2 G(A, t), q 2 r(z, A)z, µ(r(z, A)q) = tµ(r(z, A)z)246

and r(z, A) = r(q, A). If q were an element of G(A, s), then there would247

exist u 2 X such that q = �(u, u, A, s) and so q 2 r(u,A)u, r(q, A) =248

r(u,A) and µ(r(u,A)u) = 1
sµ(r(u,A)q) = 1

sµ(r(q, A)q) = 1
sµ(r(z, A)q) =249

t
sµ(r(z, A)z) > µ(r(z, A)z), contradicting the choice of z. Therefore, G(A, s)250

is a proper subset of G(A, t). ⇤251

Theorem 2.11. Let X be a dendrite, let µ be a Whitney map for C(X)252

and let c, d 2 I be such that c < d. Then µ�1([c, d]) is unicoherent.253

Proof. Let us start by proving that µ�1(c) is a deformation retract of254

µ�1([c, d]). If c = 0, then (F .1), (F .2) and (F .3) together shows that255

F |µ�1([c,d])⇥I : µ�1([c, d]) ⇥ I ! µ�1([c, d]) is deformation retraction of256

µ�1([c, d]) to µ�1(c). Now, assume that c > 0.257

Proposition 2.2 guarantees that there exists a map 'F : µ�1([c, d])⇥I !258

µ�1([c, d]) satisfying that 'F (A, 0) = A and 'F (A, 1) 2 µ�1(c) for each259

A 2 µ�1([c, d]), and 'F (B, 1) = B for each B 2 µ�1(c). Then µ�1(c) is a260

deformation retract of µ�1([c, d]).261
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Now, from this and Proposition 2.1, it follows that µ�1([c, d]) has prop-262

erty b). Apply [10, Theorem 2, p. 69] to get that µ�1([c, d]) is unicoher-263

ent. ⇤264

Theorem 2.12. Let X be a dendrite, let µ be a Whitney map for C(X)265

and let c, d 2 I be such that c < d. Each one of the following conditions266

holds.267

(2.12.1) If A 2 µ�1(c), then µ�1([c, d])� {A} has property b).268

(2.12.2) If A 2 µ�1(d), then µ�1([c, d])� {A} has property b).269

Proof. Let us prove (2.12.1). Assume that d = 1. From (G.1) and (G.3),270

it follows that G�1(A) ✓ {K 2 C(X) : K ✓ A} ⇥ I. This and con-271

ditions (G.1), (G.2) and (G.3) together shows that the restriction map272

G|(µ�1([c,d])�{A})⇥I : (µ�1([c, d]) � {A}) ⇥ I ! µ�1([c, d]) � {A} is a defor-273

mation retract from µ�1([c, d])� {A} to µ�1(d). Now, suppose that d < 1.274

Taking u = 1, by (G.1), (G.2) and (G.3), G satisfies the conditions (L.1),275

(L.2), (L.3), and by vacuously (L.4) is fulfilled. So, Proposition 2.2 guaran-276

tees that there exists a map 'G : µ�1([c, d]) ⇥ I ! µ�1([c, d]) such that277

'G(B, 0) = B, 'G(B, 1) 2 µ�1(d) for each B 2 µ�1([c, d]), '�1
G (A) =278

{(A, 0)} and 'G(K, 1) = K for each K 2 µ�1(d). Hence, the restriction279

map 'G|(µ�1([c,d])�{A})⇥I : (µ�1([c, d])�{A})⇥ I ! µ�1([c, d])�{A} is a de-280

formation retraction from µ�1([c, d])� {A} to µ�1(d). In either case, apply281

Proposition 2.1 to conclude that (2.12.1) is true.282

The proof of (2.12.2) is made in two cases. First, assume that c = 0.283

Apply (F .1) and (F .3) to get the inclusion F�1(A) ✓ {K 2 C(X) : A ✓284

K}⇥ I. From conditions (F .1), (F .2), (F .3) and (F .4), it follows that the285

restriction map F |(µ�1([c,d])�{A})⇥I : (µ�1([c, d]) � {A}) ⇥ I ! µ�1([c, d]) �286

{A} is a deformation retraction from µ�1([c, d]) � {A} to µ�1(c). Now,287

suppose that c > 0 and set u = 0. Conditions (F .1), (F .2) and (F .3)288

imply that F fulfills (L.1), (L.2) and (L.4). Condition (L.3) is satisfied289

by vacuously. Thus, Proposition 2.2 ensures that there exists a map 'F :290

µ�1([c, d]) ⇥ I ! µ�1([c, d]) such that 'F (B, 0) = B, 'F (B, 1) 2 µ�1(c)291

for each B 2 µ�1([c, d]), '�1
F (A) = {(A, 0)} and 'F (K, 1) = K for each292

K 2 µ�1(c). This implies that the restriction map 'F |(µ�1([c,d])�{A})⇥I :293

(µ�1([c, d])� {A})⇥ I ! µ�1([c, d])� {A} is a deformation retraction from294

µ�1([c, d]) � {A} to µ�1(c). Finally, invoke Proposition 2.1 to show that295

(2.12.2) holds. ⇤296

kkk297
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3. Main theorems298

Throughout this section X will be a dendrite, µ will be a Whitney map299

for C(X) and c, d 2 I will be such that c < d.300

Theorem 3.1. Let A 2 µ�1((c, d)). The following statement are equivalent:301

(hl.1) A makes a hole in µ�1([c, d])302

(hl.2) A is cut point of µ�1(µ(A))303

(hl.3) There exist disjoint non-empty open subsets U and V of X such304

that X \ A = U [ V and, either B ✓ A [ U or B ✓ A [ V for each305

B 2 µ�1(µ(A)).306

Proof. The equivalence between (hl.2) and (hl.3) is proved in [11, Theo-307

rem 2.1, p. 210]. Let us show that (hl.1) and (hl.2) are equivalent.308

Set t = µ(A), W = µ�1([t, d])� {A} and Y = µ�1([c, t])� {A}. The sets309

W and Y are connected closed subsets of µ�1([c, d]) � {A}, µ�1([c, d]) �310

{A} = W [ Y , µ�1(t) � {A} = W \ Y , and by Theorem 2.12, W and Y311

have property b).312

Now, assume that A is not a cut point of µ�1(t). This means µ�1(t)�{A}313

is connected. Since µ�1([c, d]) � {A} is the union of its connected closed314

subsets W and Y having property b) whose intersection is connected, by [2,315

Proposition 8, p. 2001], µ�1([c, d])�{A} has property b) and so, as a conse-316

quence of this and [10, Theorem 2, p. 69], µ�1([c, d])� {A} is unicoherent.317

Then A does not make a hole in µ�1([c, d]). This proves that (hl.1) implies318

(hl.2).319

Finally, suppose that (hl.2) holds. Then µ�1([c, d]) � {A} is the union320

of its connected closed subsets W and Y whose intersection is not con-321

nected. Hence, µ�1([c, d])� {A} is not unicoherent and so, A makes a hole322

in µ�1([c, d]). This completes the proof. ⇤323

An arc J contained in a continuum Z is a free arc proving that J�E(J)324

is an open subset of Z.325

Theorem 3.2. If A makes a hole in µ�1([c, d]), then A is a free arc in X326

such that IntXA = A� E(A) and c < µ(A) < d.327

Proof. First, since µ�1([c, d]) � {A} is not unicoherent, it must not have328

property b). So, from Theorem 2.12, it follows that µ(A) 2 (c, d).329

Now, set l = µ(A) and let g : X ! A be defined by g(x) = r(x,A).330

Observe that g is a map. On the other hand, in light of Theorem 3.1,331

there exist disjoint non-emtpy open subsets U and V of X � A such that332

X�A = U [V and either B ✓ U [A or B ✓ V [A for each B 2 µ�1(l). Let333
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us prove that A ✓ ab for each (a, b) 2 U⇥V to conclude that g(U) and g(V )334

are disjoint one-point sets such that E(A) = g(U)[g(V ), ClXU = U [g(U)335

and ClXV = V [ g(V ).336

Let (a, b) 2 U ⇥ V and set N = A \ ab. The fact that X is hereditarily
unicoherent guarantees that N is a subcontinuum of X contained in A.
Thus, µ(N)  µ(A) = l. On the other hand, if there were would exist
K 2 µ�1(l) such that ab ✓ K, then K \U and K \ V would be non-empty
sets, contradicting the choice of U and V . In conclusion, µ(ab) > l. Define
↵ : I ! C(X) by

↵(t) = {�(x, x,N, t) : x 2 ab}.

Then ↵ is well defined and continuous, ↵(0) = N and ↵(1) = ab. Hence,337

there exists s 2 I such that µ(↵(s)) = l. Let us prove that s = 0. Seeking338

a contradiction, assume that s > 0. Notice that r(a,N) = r(a,A) and339

so r(a,N)a � {r(a,N)} is contained in U . Since µ(r(a,N)�(a, a,N, s)) =340

sµ(r(a,N)a) > 0, the inclusion �(a, a,N, s) 2 r(a,N)a � {r(a,N)} holds.341

Then �(a, a,N, s) 2 U . Similarly, �(b, b, N, s) 2 V . From this, it follows342

that ↵(s) \ U 6= ; and ↵(s) \ V 6= ;, a contradiction to the choice of343

U and V . Therefore, s = 0 and N = ↵(s). Thus, N is a subcontinuum344

of X contained in A and µ(A) = µ(N). This implies that A = N and345

A ✓ ab. In conclusion, A is an arc and E(A) = {r(a,A), r(b, A)}. Hence,346

due a and b are arbitrary, each one of the sets g(U) and g(V ) consists of347

exactly one point, g(U) \ g(V ) = ; and E(A) = g(U) [ g(V ). Finally, note348

that g�1(g(U)) = U [ g(U) and g�1(g(V )) = V [ g(V ) are closed subsets349

of X containing U and V , respectively. Hence, U ( ClXU ✓ U [ g(U)350

and V ( ClXV ✓ V [ g(V ). These inclusions and the condition g(U)351

and g(V ) are one-point sets together imply that ClXU = U [ g(U) and352

ClXV = V [ g(V ).353

Finally, since the equalities IntXA = X�ClX(X�A) = X�ClX(U[V ) =354

X�((ClXU)[(ClXV )) = X�(U[g(U)[V [g(V )) = X�((X�A)[E(A)) =355

X� (X� (A�E(A))) = A�E(A) hold, the set A�E(A) is an open subset356

of X. Therefore, A is a free arc such that IntXA = A�E(A). This completes357

the proof. ⇤358

Theorem 3.3. If A is a free arc such that IntXA = A � E(A) and c <359

µ(A) < d, then A makes a hole in µ�1([c, d]).360

Proof. Set l = µ(A) and set E(A) = {w, z}. In light of Theorem 3.1, it361

suffices to find non-empty disjoint open subsets U and V of X such that362

X � A = U [ V and either B ✓ A [ U or B ✓ A [ V for each A 2 µ�1(l).363
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First, define g : X ! A by g(x) = r(x,A) for each x 2 X. Notice364

that g is a map. On other hand, from our assumptions on A, it follows365

that ordX(x) = 2 for each x 2 IntXA, ordX(w) � 2 and ordX(z) � 2. Then366

g�1(x) = {x} for each x 2 IntXA and, g�1(w) and g�1(z) are non-degenerate367

closed subsets of X such that X = g�1(w)[ g�1(z)[A, g�1(w)\A = {w},368

g�1(z) \ A = {z} and g�1(w) \ g�1(z) = ;.369

Now, set U = X � (A[ g�1(w)) and V = X � (A[ g�1(z)). Notice that370

U and V are non-empty open subsets of X, U [ V = X � ((A [ g�1(w)) \371

(A[ g�1(z))) = X �A and U \V = X � ((A[ g�1(w))[ (A[ g�1(z))) = ;.372

It only remains to argue that if B 2 µ�1(l), then either B ✓ A [ U or373

B ✓ A [ V .374

Let B 2 µ�1(l)�{A}. Assume that B\U 6= ;. Then, B\g�1(z)�{z} 6= ;.375

To see that B ✓ A[U , it suffices to prove that B \ V = ;, or equivalently,376

B ✓ A [ g�1(z). If A \ B = ;, then B ✓ g�1(z) [ g�1(w) and since B is377

connected, B must be a subset of g�1(z). Assume that A\B 6= ;. From the378

facts that B ✓ g�1(z) [ (A [ g�1(w)) and g�1(z) \ (A [ g�1(w)) = {z}, it379

follows that z 2 B. Due A is an arc, z 2 E(A)\B and A 6= B, the inclusion380

B ✓ X � {w} holds. So, if B \ g�1(w) were non-empty, then w would be381

an element of B and the inclusion A ✓ B would hold, a contradiction.382

In conclusion, B \ g�1(w) = ; and hence B ✓ A [ g�1(z). The proof is383

finished. ⇤384

Our last result presents the desired characterization and its proof follows385

immediately from theorems 3.2 and 3.3.386

Corollary 3.4. Then A makes a hole in µ�1([c, d]) if and only if A is a387

free arc such that IntXA = A� E(A) and c < µ(A) < d.388

References389

[1] María E. Aguilera, Whitney blocks, Topology appl. 221 (2017), 449–464.390
[2] J. G. Anaya, Making holes in hyperspaces, Topology appl. 154 (2007), 2000–2008.391
[3] J. G. Anaya, Making holes in the hyperspace of subcontinua of a Peano continuum,392

Topology Proc. 37 (2011), 1–14.393
[4] J. G. Anaya, E. Castañeda-Alvarado, and A. Fuentes-Montes de Oca, Making holes394

in the hyperspace suspension, Topology appl. 265 (2019), 106816.395
[5] J. G. Anaya, E. Castañeda-Alvarado, and F. Orozco-Zitli, Making holes in the hy-396

perspace of subcontinua of some continua, Advances in Pure Mathematics 2 (2012),397
133–138.398

[6] J. G. Anaya, A. Fuentes-Montes de Oca, and F. Orozco-Zitli, Making holes in the399
cone, suspension and hyperspaces of some continua, Commet. Math. Univ. Carolin.400
59 (2018), no. 3, 343–364.401

[7] J. G. Anaya, D. Maya, and F. Orozco-Zitli, Making holes in the second symmetric402
product of unicoherent locally connected continua, Topology Proc. 48 (2016), 251–403
259.404



MAKING HOLES IN WHITNEY BLOCKS OF A DENDRITE 13

[8] J. J. Charationik, On ramification points in the classical sense, Fund. Math. 51405
(1962/1963), 229–252.406

[9] S. Eilenberg, Sur les espaces multicohérents I, Fund. Math. 27 (1936), no. 1, 153–190.407
[10] S. Eilenberg, Transformations continues en circunférence et la topologie de plan,408

Fund. Math. 26 (1936), no. 1, 61–112.409
[11] C. B. Hughes, Some properties of whitney continua in the hyperspace C(X), Topol-410

ogy Proc. 1 (1976), 209–219.411
[12] A. Illanes, Multicoherence of Whitney levels, Topology appl. 68 (1996), 251–265.412
[13] A. Illanes and S. B. Nadler, Jr., Hyperspaces: Fundamental and recent advances,413

Monogr. Textb. Pure Appl. Math, vol. 216, Marcel Dekker, Inc., New York, 1999.414
[14] C. Eberhart J. J. Charationik, On smooth dendroids, Fund. Math. 67 (1970), 297–415

322.416
[15] S. B. Nadler, Jr., Continuum theory. An introduction, Monogr. Textb. Pure Appl.417

Math, vol. 158, Marcel Dekker, Inc., New York, 1992.418

Universidad Autónoma del Estado de México, Facultad de Ciencias, In-419
stituto Literario 100, C.P. 50000, Toluca, México.420

E-mail address: jgao@uaemex.mx421

Universidad Autónoma del Estado de México, Facultad de Ciencias, In-422
stituto Literario 100, C.P. 50000, Toluca, México.423

E-mail address: malena87@live.com.mx424

Universidad Autónoma del Estado de México, Facultad de Ciencias, In-425
stituto Literario 100, C.P. 50000, Toluca, México.426

E-mail address: dmayae@uaemex.mx, dmayae@outlook.com427

Universidad Autónoma del Estado de México, Facultad de Ciencias, In-428
stituto Literario 100, C.P. 50000, Toluca, México.429

E-mail address: forozcozitli@gmail.com430



Conclusiones

El trabajo de investigacin nos permite concluir los siguientes resultados:
Sea X una dendrita, µ una función de Whitney para C(X) y c, d 2 I con c < d.

Teorema 1. Si A agujera a µ�1([c, d]), entonces A es un arco libre en X tal que IntXA = A� E(A) y
c < µ(A) < d.

Teorema 2. Si A es un arco libre en X tal que IntXA = A�E(A) y c < µ(A) < d, entonces A agujera
a µ�1([c, d]).

Corolario 1. Un elemento A 2 µ�1([c, d]) agujera a µ�1([c, d]) si y sólo si A es un arco libre en X tal
que IntXA = A� E(A) y c < µ(A) < d.

Esto nos permitirá tener mayor conocimiento sobre los bloques de Whitney, ya que los bloques de
Whitney son un tema espećıfico que en teora de continuos y sus hiperespacios está tomando importancia.
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