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1. Introduction

In [7], W. S. Mahavier studied inverse limits using upper semi-continuous functions where he looked at
inverse limits whose graphs are closed subsets of [0, 1] x [0,1]. In [4, Theorem 3.3], W. T. Ingram proved
the following result.

Theorem 1.1. If F is a finite collection of mappings from a continuum into itself, one of which is surjective
and universal with respect to F, and F is the set theoretic union of the elements of F which is an upper
semi-continuous function, then lim F' is a continuum.

“—

* Corresponding author.
E-mail addresses: jgaoQuaemex.mx (J.G. Anaya), fcapulin@gmail.com (F. Capulin), eca@uaemex.mx
(E. Castaneda-Alvarado), msanchezga830@profesor.uaemex.mx (M. Sdnchez-Garrido).

https://doi.org/10.1016/j.topol.2021.107855
0166-8641/© 2021 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.topol.2021.107855
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/topol
http://crossmark.crossref.org/dialog/?doi=10.1016/j.topol.2021.107855&domain=pdf
mailto:jgao@uaemex.mx
mailto:fcapulin@gmail.com
mailto:eca@uaemex.mx
mailto:msanchezga830@profesor.uaemex.mx
https://doi.org/10.1016/j.topol.2021.107855

2 J.G. Anaya et al. / Topology and its Applications 303 (2021) 107855

Also, W. T. Ingram proved the following result in [4, Theorem 4.2].

Theorem 1.2. Let F be a collection of mappings from [0,1] into itself. Suppose that F contains a mapping
f with the following properties:

1. £([0,1]) is a non-degenerate set;
2. for each g € F, there exists a point py € f([0,1]) such that f(pg) = g(pg); and
3. for each g € F, g(£(10,1])) = g([0, 1]).

Let F be the function defined by the set theoretic union of the elements of F. If F' is an upper semi-
continuous function, then lim F' is a one-dimensional continuum.
«—

In [5], W. T. Ingram asked the following question [5, Problem 6.6]: what can be said about compacta
that are inverse limits with a single upper semi-continuous function whose graph is the union of two graphs
of mappings without coincidence points? In [3, Theorem 6.1], S. Greenwood, J. Kennedy and M. Lockyer
showed that an inverse limit with a single upper semi-continuous function whose graph is the union of two
graphs of mappings without coincidence points has 2%° components. Here, we will give a partial answer to
Ingram’s question.

In [1, Definition 2], W. J. Charatonik and . Sahan introduced the concept of Dom/(F'), they proved that
if X is a compact metric space and F : X — 2% is an upper semi-continuous function, then lEn(X JF) =
lgn(Dom(F),F|Dom(F)). We use the concept of Dom(F) and W. J. Charatonik and S. Sahan’s results
throughout the following to get as inverse limit either a continuum or a Cantor set.

In this paper, we study inverse limits with only one upper semi-continuous function F', defined by the
set theoretic union of the elements of a family of mappings that are not necessarily surjective, and may or
may not have coincidence points.

This paper is organized in the following way. In Section 2, we present basic definitions and auxiliary
results. In Section 3, we provide some examples of inverse limits using one function F' which is the set
theoretic union of a family of mappings from [0, 1] into itself. In the proofs we apply the concept of Dom(F).
In Section 4, we give sufficient conditions for lgn(X , ') to be connected, and we give sufficient conditions

for lim(X, F) to be a Cantor set in the case where the mappings that define F' are contractive.
—
2. Notation and auxiliary results

A continuum X is a non-degenerate connected compact metric space. A mapping is a continuous function.
Let X and Y be topological spaces and let f: X — Y and g : X — Y be functions. A point x € X is called
a coincidence point of f and g, if f(x) = g(x). Let F be a collection of functions from X into Y. A function
f X = Y is universal with respect to F provided that f has a coincidence point for each element of F.
Let (X, d) and (Y, d’) be metric spaces and let f : (X,d) — (Y,d') be a function. If there exists ay € [0,1)
such that d'(f(z), f(y)) < ayd(z,y) for any z,y € X, then f is called a contractive function. The number
oy is called a module of f. We say that a collection F of functions is contractive provided that each f € F
is a contractive function and o = sup{ay : ay is a module of f, f € F} < 1. Also, « is called a module of
F.

We use the symbol N to denote the set of all positive integers. Let {X;}°, be a sequence of non-
o0

empty topological spaces. We use T to denote the point (z1,22,23,...) in HXi' Let n € N. We denote
i=1

n
(x1,22,23,...,2Tp) € HXi by T,. Also, x; is the i-th coordinate of the point T (or Z,). Let n € N. The
i=1
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o0
mapping 7, : H X; — X, defined by 7, (Z) = x,, is called the n-th projection. If every X; is a metric space
i=1
) . ) - i@ i)
with metric d; bounded by 1, then we use the metric D for H X, defined by D(Z,7) = Z —
i=1 i=1
Let X be a metric compact space. Let 2% be the collection of non-empty closed subsets of X endowed with
the Hausdorff metric. Let X and Y be topological spaces. A function F : X — 2Y is upper semi-continuous
at the point x € X, provided that if V' is an open set in Y containing F'(z), then there exists an open set U in
X containing x such that, if t € U, then F(t) C V. F is upper semi-continuous if it is upper semi-continuous
at every point of X. If F: X — 2Y is a function, the set G(F) = {(z,y) € X x Y : y € F(z)} is the graph
of F. Let A C X, we denote by F(A) the set {y € Y: there is a point € A such that y € F(x)}. The
function F has a surjective graph or is surjective, provided F(X) =Y.
Let {X;}22, be a sequence of non-empty compact metric spaces, and let { F;}5°, be a sequence of functions
such that for each i € N, F; : X;,; — 2% is upper semi-continuous. The sequence {X;, F;}2, is called an
inverse sequence. The inverse limit of the inverse sequence {X;, F;}$2; is the subspace of the topological

o0
product H X;, given by
i=1

o0
{T e HXZ' cx; € Fy(x;41), for each i € N}
i=1
Let {X;, F;}32, be an inverse sequence. We denote its inverse limit by lim(X;, ;). In the case where
—

the sequences {X;}52, and {F;}32, are constant sequences, i.e., there are a compact metric space X and
a function F : X — 2% such that X; = X and F; = F for each i € N, we denote the inverse limit by
lim F.
+—

Let {X;, F;}22, be an inverse sequence, we adopt the following notation for each n € N:

n+1
1. G;l = {Tn+1 € H X,z € Fi(a:iﬂ), 1< < TL}
i=1
If the inverse sequence is a constant inverse sequence, then we consider the following sets:

2. Dom,(F) 20721(0;1).
3. Dom(F) = ﬂ Dom,,(F).
n=1

Note that Dom,,+1(F) C Dom,,(F) for each n € N.

Proposition 2.1. Let X be a non-empty compact metric space. If F : X — 2% is an upper semi-continuous
function, then Dom,,(F) and Dom(F') are non-empty compact metric spaces.

Proof. By [6, Theorem 110], we have that for each n € N, the set G/, is a non-empty compact metric space.
By [6, Theorem 111], we get that lim F' is a non-empty compact metric space. Since Dom,,(F) = m1(G,),
P
Dom(F) = m(lim F) and 7 is a mapping, then Dom,,(F) and Dom(F) are non-empty compact metric
—
spaces. O

From [2, Theorem 4.1], we have that if F' is a mapping and X is a compact Hausdorff space, then
F(Dom(F)) = Dom(F). In the case where the function F' is upper semi-continuous and X is compact
metric space, we have from definition of Dom(F'), that F(Dom(F)) = Dom(F).

Let F be a non-empty collection of mappings from X into itself and let F : X — 2% be the function defined
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by the set theoretic union of the elements of F. If F' is an upper semi-continuous function, it is not difficult
to see that Domq (F) = U f(X), and Domy,41(F) = U f(Domy, (F)).

fer fer
The following result is the main tool used in this paper.

Theorem 2.2. [1, Theorem 3]. Let X be a non-empty compact metric space and let F : X — 2% be an upper
semi-continuous function. Then im(X, F) = lim(Dom(F), F|pom(r))-
— —

The following theorem is a consequence of Theorem 2.2 and the definition of the inverse limit.

Theorem 2.3. Let X be a non-empty compact metric space and let F : X — 2% be an upper semi-continuous
function. If Dom(F) is a totally disconnected space, then lim F' is a totally disconnected space.
—

A topological space X is perfect if every point of X is an accumulation point of X.

Theorem 2.4. Let X be a non-empty compact metric space and let F be a non-empty collection of mappings
from X into itself. Let F : X — 2% be the function defined by the set theoretic union of the elements of F.
If F is upper semi-continuous function and Dom(F) is a perfect space, then lim F' is a perfect space.

—

Proof. Let Z € lim(Dom(F'), F'|pom(r))- Let
—

o0
U= <U1 X Uy x Us x -+ x U, % H Dom(F)> ﬂliinF
1=n-+1

be a basic open neighbourhood of 7 in li<r_n F, where U; is an open neighbourhood of z; in Dom/(F') for each
1 < i < n. Now, for every 1 < i < n — 1, we consider f; € F such that x; = f;(x;4+1). Let W7 = U;. By
continuity of fi, there exists an open neighbourhood W5 such that Wy C Us, f1(W3) C Wi and a9 € Wh.
If 1 <i<n-—1and W; has been defined, then there exists an open neighbourhood W;;; such that
Wiv1 CUitr, fiWip1) € Wi and 2541 € Wiy,

Since Dom(F) is a perfect space and W, is an open subset of Dom(F), then there exists y,, € W, N
Dom(F) such that y,, # x,. Note that there exists y,—1 € W,,_1 such that y,,—1 = f—1(yn). Moreover, for
each 1 <14 < n—1 there exists y; € W; such that y; = f;(yir+1). Hence, T, 7,, € W1 X Wo x Wy X -+ x W,,.

Since y, € Dom(F’), there exists zZ € liinF such that m1(Z) = y,. Let W = (y1,%2,.-.,Yn,22,23,...) €
liin F. Thus, w € U and T # w. Therefore, liin(Dom(F)7 F|pom(r)) is a perfect space. O

The result below follows from [6, Theorem 111], Theorem 2.3 and Theorem 2.4.
Corollary 2.5. Let X be a non-empty compact metric space, let F be a non-empty collection of mappings
from X into itself and let F : X — 2% be the function defined by the set theoretic union of the elements

of F. If F is upper semi-continuous function and Dom(F) is a Cantor set, then im F' is homeomorphic to
+—
the Cantor set.

3. Examples

In this section, we present examples of inverse limits with a single upper semi-continuous function F' which
is the union of a family of mappings from [0, 1] into itself. In the proofs we use the concept of Dom(F).
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Fig. 1. The graph of the function F' in Example 3.1.

Fig. 2. The graph of the function F' in Example 3.3.

Example 3.1. Let f, : [0,1] — [0,1] be a mapping given by f,(z) = & for each n € N. If F': [0,1] — 21
is the upper semi-continuous function defined by F(x) = {0} U{f,(z) : n € N}, then lgnF ={(0,0,0,...)}
(see Fig. 1 for the graph of F').

) 2N

Fl|pom(ry) = {(0,0,...)}. By Theorem 2.2, liinF ={(0,0,...)}. O

Proof. Note that for each n € N, Dom,,(F) = [0, 5=]. Thus, Dom(F) = {0}, and so that lim(Dom(F),
—

Example 3.2. Let f, g : [0,1] — [0, 1] be mappings defined by f(z) = £ and g(z) = 152. Let F : [0,1] — 2(0:1
be the upper semi-continuous function given by F(z) = {f(x), g(x)}. Then lEnF is a continuum.

Proof. Note that for each n € N, Dom,,(F) = [0, 1]. Thus, Dom(F) = [0, ]. Since Flio,1y: 10, - 210.3]

1
is surjective and it has connected graph, by [8, Theorem 3.1], we have that lim <[0, 5] ,F|[0 ;]) is a
- ,

continuum. By Theorem 2.2, lim F' is a continuum. 0O
“—

In the following example we will prove that Dom(F') is homeomorphic to the Cantor set and hence the
inverse limit is homeomorphic to the Cantor set.

Example 3.3. Let F : [0,1] — 2% be the upper semi-continuous function given by F(z) = {1223}
Then lim F' is homeomorphic to the Cantor set (see Fig. 2 for the graph of F').
—

Proof. Note that Domi(F) = [0, 3], Doms(F) = [%,3] and Doms(F) = [, 5] U[35, 35]. From here, for

each n > 2, the set Domy,41(F') is the union of twice as many disjoint intervals as Dom,, (F'). Observe that
the intervals form nested sequences whose lengths limit to zero. Hence, Dom(F) consists of 2% singleton
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Fig. 3. The graph of the function H, in Example 3.5.

components. Moreover, Dom(F’) is obtained by removing “middles thirds” and so it is a Cantor set. By
Corollary 2.5, lim F' is homeomorphic to the Cantor set. 0O
—

The following examples show that the converse of Corollary 2.5 is not true. We consider four cases. We
give functions whose graphs are:

not connected nor surjective, with |Dom(F)| = 2;
connected and not surjective, with |[Dom(F)| = 2;
not connected and surjective, with Dom/(F) = [0, 1];

not connected nor surjective, such that Dom(F) is a not connected one-dimensional set.

= L D=

Example 3.4. Let ¢,d € [0,1] be such that 0 < ¢ < d < 1. Let F : [0,1] — 2%! be the upper semi-continuous
function defined by F(x) = {c¢,d}. Then lim F' is homeomorphic to the Cantor set.
—

Proof. Clearly, liinF = {7: for each i € N,z; = c or z; = d}, then liinF is homeomorphic to the Cantor
set. O

Note that [5, Example 1.2] is the particular case of Example 3.4 when ¢ =0 and d = 1.

In the following example we define a family {H, : a € [1,00)} of upper semi-continuous non-surjective
functions each one having connected graph and such that for each fixed real number « € [1,00), we have
that liin H,, is homeomorphic to the Cantor set. Moreover, each H,, is defined as the union of two mappings

from [0, 1] into itself having coincidence points.

Example 3.5. Let o € [1,00) and let Hy, : [0,1] — 2[%! be the upper semi-continuous function defined by

Ho(w) = {g(2), fa(x)}, where g(z) = 5 and

0 if z €[0,3],
fal@)=S a(z—3) ifzell, 0‘221],
1 if z € [%EL, 1],

Then lim H,, is homeomorphic to the Cantor set (see Fig. 3 for the graph of H,).
—

Proof. Because Domi(H,) = [0,1], and Dom,(H,) = {0,%} for n > 1, the set Dom(H,) = {0,3}.

- 1
Observe that lim(Dom(Hy), Halpom(#.,)) = H {O, 3 } So, lim H, is homeomorphic to the Cantor set. O
— —
=1
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Fig. 4. The graph of the function F' in Example 3.6.

In the following example, we define an upper semi-continuous surjective function, with a disconnected
graph, as the union of two mappings without coincidence points. Again, lim F' is the Cantor set.
—

Example 3.6. Let F : [0,1] — 2[ be the upper semi-continuous function defined by F(z) = {f(z), g(x)}
where f(z) = £ and g(z) = £+, Then liinF is homeomorphic to the Cantor set (see Fig. 4 for the graph

2
of F).

Proof. By [5, Theorem 1.6], we just need to prove that the inverse limit is a perfect and totally disconnected
space.
Note that G} = {(f(z),z) : # € [0,1]} U{(g(2), ) : € [0,1]} and the diameter of each component is 1.

Moreover, G’ has 2" components, each one of them of diameter 2%, The fact that lim ———— = 0, implies
n 2 n—oo 2n+1
o0 o0 o0 o0
that each component of ﬂ <G;L X H [0, 1]) has a single point. Since liLnF = ﬂ (G; X H [0, 1]),
n=1 1=n+2 n=1 i=n+2

then lim F' is a totally disconnected space.

+—
Since Dom/(F') = [0, 1], then Theorem 2.4 implies that lim F is a perfect space. O
—

Now, we will provide an example such that the graph of F' is neither connected nor surjective, Dom(F")

is a one-dimensional disconnected set and lim F' is homeomorphic to the Cantor Set.
—

Example 3.7. Let F : [0,1] — 2[%1 be the upper semi-continuous function defined by F(z) = {f(z), g(x)}
where:

z if € [0, 1],
f(z)= % ifwe[%,%},
2l if e [3,1]
and
ks if g e [0, 1],
g(z) = % ifxe[i,%],
o ifp e [31].

Then lim F' is homeomorphic to the Cantor set (see Fig. 5 for the graph of F').
«—
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Fig. 5. The graph of the function F' in Example 3.7.

Proof. Note that G} = {(f(x),z) : € [0,1]}U{(g9(z),z) : = € [0,1]} and the diameter of each component is

3. Moreover, G/, is the union of 2" components, each one of them of diameter ;nt% Hence, each component

8
of ﬂ (G/n X H [0, 1]) is a single point. Therefore, lim F is a totally disconnected space.
—
n=1 i=n-+2
Observe that for each n € N, Dom,,(F) = [0, ;] U [2,1], Dom(F) = [0, 1] U[3,1]. Hence, Theorem 2.4

implies that lim F' is a perfect space. O
—
4. Main results

In this section, we will give sufficient conditions so that the inverse limit is either a continuum or a Cantor
set.

In this section, we assume that X is a compact metric space with bounded metric, F is a non-empty
countable collection of mappings from X into itself, and the function F : X — 2% given by F(z) = {f(z) :
f € F} is upper semi-continuous not necessarily surjective and such that Dom(F) is a non-degenerate set.

Now, we consider the following notation. For all h,g € F, h # g, let Ppy = {z € X : h(z) = g(x)},
P=|J Pyand Q= () Pu

h,geF h,geF

Theorem 4.1. Let X be a continuum. If for any h,g € F, h # ¢, Pyg N Dom(F) # 0, then im F is a
—

continuum. In particular, if @ N\ Dom(F) # 0, then lim F' is a continuum.
P

Proof. We will prove by induction that Dom,, (F) is a connected space for each n € N. Since P,,NDom(F') #

() for each h,g € F, then h(X) N g(X) # (. Because h and g are mappings and X is a continuum, we have

that h(X) and g(X) are connected. Hence, h(X) U g(X) is a connected space. So, U (h(X)Ug(X))isa
h,geF

connected space. Since Dom;(F) = U f(X)= U (h(X)Ug(X)), then Dom4(F) is a connected space.

feF h,geF
We suppose that Dom,(F') is a connected space. Since for each h,g € F, Prg N Dom,(F') # ), then

h(Dom.,(F)) N g(Dom,(F)) # (. Because h and g are mappings and Dom,(F) is a continuum, we have
that h(Dom,,(F)) and g(Dom,,(F')) are connected. Thus, h(Dom.,(F))U g(Dom.,(F)) is a connected space
for each h,g € F. Then U (h(Domy(F)) U g(Dom,(F))) is a connected space. Since Domy1(F) =
h,geF
U f(Domy,(F)) = U (h(Domy,(F)) U g(Domy(F))), then Dom,,+1(F) is a connected space.
feFr h,geF
Notice that Domy,+1(F) C Dom,(F) for each n € N, and Dom(F) = ﬂ Dom,,(F). So, Dom(F) is

neN
a connected space. From Proposition 2.1, Dom(F) is a compact space. This implies that Dom/(F) is a
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continuum. Because of F'|pep(ry : Dom(F) — 2Dom(F) has a surjective and connected graph, from [8,
Theorem 3.1] we have that lim(Dom(F'), F'|pop(ry) is a continuum. Theorem 2.2 implies that lim F' is a

— —
continuum. O

The following two results can be proved using the same ideas given in the proof of Theorem 4.1.

Theorem 4.2. Let X be a continuum, let h : X — X be a mapping, and let F : X — 2% be an upper
semi-continuous function given by F(zx) = {f(z) : f € F} U{h(x)}. Let Py be the set of coincidence points
of f and h, for each f € F. If Py N Dom(F) # 0, for each f € F, then liinF is a continuum.

Proposition 4.3. Let X be a continuum, let k € N, F ={f; : fi is a mapping from X into itself,1 < i < k}
and Q; = {x € X : fi(z) = fir1(x)} for every 1 < i < k. If Q; " Dom(F) # 0, for each 1 < i < k, then
1i<1nF is a continuum.

Corollary 4.4. Let X be a continuum. If there exists a point p € X such that f(p) = p for each f € F, then
lim F' is a continuum.
+—

Proof. Since for each f € F, f(p) = p, then f"(p) = p for each n € N. Thus, for each n € N, p €
ﬂ f"(X) € Dom,,(F). Hence, p € Dom(F). Fix h € F, then p € Py for each f € F. By Theorem 4.2,

feF
lim F' is a continuum. 0O
—

Note that condition 3 in Theorem 1.2, is replaced in Theorem 4.2 by a more general condition. Observe
that Example 3.2 does not satisfy condition 3 in Theorem 1.2. However, it satisfies the hypothesis of
Theorem 4.2. So, the inverse limit is a continuum. On the other hand, the function h in Theorem 4.2 is
universal with respect to the family F, but the mapping A is not assumed surjective. If h is surjective, then
Theorem 1.1 is a Corollary of Theorem 4.2.

Examples 3.3 and 3.5 show that Theorem 4.1 and Theorem 4.2 are not always true if Py, N Dom(F) = ()
for some f,g € F such that f # g or Py N Dom(F) = {) for some f € F.

4.1. Contractive mappings

We will give some notations for this section. Let S be the collection of infinite sequences {f;}7°; of
F. For every n € N, let S,, be the collection of all finite sequences {f;}}_; of F. For each f € S, let

n+1

G.(f) ={ZTns1 € H X :x; = fi(xiy1),1 <i < n}. Note that for every n € N, G, = U G, (f). For each
=1 fesS,

fes,let liinf ={z¢€ HX :x; = fi(w;y1), for all i € N}. On the other hand, given f € S and n € N let

i=1

f,={f;:1<i<n} Finally,if f € S, let S(f) = {f, : n € N}.

Proposition 4.5. lim ' = U lim f, and for any f € S,
— A —
fes

lim f = (AG(£a) x ﬁ X:f, e S(H)}.

neN i=n+2

Proof. Let T € lim F'. So, x; € F(x;41) for each ¢ € N. The fact that F(z) = {f(z) : f € F} for each
—
x € X, implies that for each i € N, x; = f;(x;41) for some f; € F. Thus, T € liinf for some f € S.
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On the other hand, let f € S and let T € 1i<£nf. So, x; = fi(x;41) for each i € N. Hence, for each i € N,
x; € F(x;y1). This implies that T € lim F. O
—

Observe that if PN Dom(F) =, then limf Nlimg = () for each f, g€ S, f #&.
— —
From now on, we will consider that F is contractive with module « and the function F' satisfies that
Dom(F)nP =10.

Lemma 4.6. For cach f € S, limf is a degenerate set.
—

Proof. Let 7,7 € lim f. We will prove that # = 3 proving that for each n € N, z,, = y,,.
—

Let n € N. Since F is contractive, then we have that d(x,,y,) < &™d(Tnim, Yntm) < @™ for each
m € N. The fact that o < 1, implies that o™ converges to zero when m — co. So, d(z,y,) = 0. Therefore
Tpn =Yn- O

Theorem 4.7. lim F' is a totally disconnected space.
«—

Proof. Since Dom(F)NP =, then G, = U G, (f) is the union of pairwise disjoint sets. Moreover, G, (f)

feS,
is connected for each f € S,,, n € N. Let D be a component of lim F' and let Z,7 € D be such that T # 7.
+—

By Proposition 4.5 and Lemma 4.6, there exist f,g € S such that {#} = limf and {y} = limg. The fact
— —

that T # 7 implies that f # g. Then there exists n € N such that f, # g,. So, G’ (f,) N G’ (g,) = 0.
Therefore 7,1 and 7, ,, are in different components of G7,. This implies that the points T and 7 are in
different components, a contradiction. O

Theorem 4.8. lim F' is a perfect space.
+—

Proof. Let T € lim . By Lemma 4.6, there exists f € S such that {Z} = lim f. Moreover, from Proposi-
— —

tion 4.5, limf = m (G;(fn) X H X). For each m € N, let f = {f,, ;}32, € S where f,,; = f; if
«—
f,,€S(f) i=n+2
1<i<mand fmmt1 # fmt1. For each m € N, let {z} = im ™. Since Dom(F)N P =0, zF £ 7™ for
“—

oo
every k,m € N, k # m. Note that for each m € N, 7™ € G/ (f,,) X H X. Under this construction we
1=m-+2
have that the sequence {Z™}5°_; converges to Z. Therefore, lim F' is a perfect space. O
“—

The following result is a consequence of [6, Theorem 111], Theorem 4.7 and Theorem 4.8.
Corollary 4.9. lim F' is homeomorphic to the Cantor set.
—

In Corollary 4.9, F' may or may not have a surjective graph. However, if F' is a surjective function, then
the condition Dom(F) NP = ) implies that for each f,g € F, f # g, Pyg = 0. Hence, Examples 3.3, 3.4, 3.6
and 3.7 are particular cases of Corollary 4.9. Additionally, Example 3.5 is a particular case of the following
Corollary.

Corollary 4.10. If each f € F satisfies that f|pom(r) is a contractive mapping and Dom(F) N P =), then
lim F' is homeomorphic to the Cantor set.
<
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It is important to say that there exists F an uncountable family of contractive mappings such that the
function F is the set theoretic union of the elements of F, P N Dom(F) = (), and the inverse limit of F is
the Hilbert Cube. Indeed, for each x € [0, 1], let f, : [0,1] — [0,1] defined by f,(¢t) = =, F = {f, : € [0,1]}
and F : [0,1] — 200 given by F(t) = {f.(t) : f» € F,x € [0,1]} = [0,1]. Then the collection F and the
function F satisfy the conditions. Moreover, it is not difficult to give an example where F is an uncountable
family of contractive mappings such that the function F' defined by the set theoretic union of the elements
of F is upper semi-continuous, the graph of F is not connected, PN Dom(F) = () and liin F is not a Cantor
set.

Finally, in the following example, liinF is homeomorphic to the Cantor set, but F' is not the union of a

family of mappings from [0, 1] into itself.

Example 4.11. Let F : [0,1] — 2[%1 be the upper semi-continuous function defined by

{04} ifzelo, 4],
F(z) = (23,1} ifze(d,1]

Then, lim F' is homeomorphic to the Cantor set
—
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