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1. Introduction

In Hyperspace Theory, it is often useful to know more about special kinds of points in the hyperspace
of all subcontinua of a continuum. An example is the recent result stating that the simple closed curve is
the unique continuum whose hyperspace of non-blocker closed subsets of its singletons is the hyperspace of
singletons (see [8, Theorem 5.3, p. 78]).

Several authors have investigated various properties of special sets in continua. For instance, the authors
in [8] and [10] provide a survey of results relating the notions of non-weak cut set, non-blocker set of
singletons, shore set and non-cut set in a continuum.

Our aim is to study making holes property of an element in hyperspaces. In the class of continua having
property (b), each subcontinuum that makes a hole in the hyperspace of all subcontinua is a cut set (see
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Theorem 3.5). This kind of set has been studied in [1-7]. The problem that will be partially solved in this
paper is presented below.

A connected topological space Z is unicoherent provided that AN B is connected whenever A and B are
connected closed subsets of Z such that Z = AU B. An element z of a unicoherent topological space Z
makes a hole in Z if Z — {z} is not unicoherent.

A continuum is a non-empty compact connected metric space. A hyperspace of a continuum X is a
specified collection of non-empty closed subsets of X topologized with the Hausdorff metric (see [12, Defini-
tion 2.1, p. 11]). Given a continuum X, C(X) denotes the hyperspace of all subcontinua of X. It is known
that C'(X) is unicoherent for every continuum X (see [12, Theorem 19.8, p. 159]).

In this paper we are interested in the following problem which arises in [1, p. 2000]:

Problem. Let #(X) be a unicoherent hyperspace of X. For which elements A € 5 (X), A makes a hole in
H(X).

In the current paper, we present the partial solution to this problem when #(X) = C(X) and X has
property (b).

2. Auxiliary results

The symbols N and R denote the set of all positive integers and the set of all real numbers, respectively.

An arc is any space homeomorphic to the closed unit interval [0, 1]. The word map stands for a continuous
function between topological spaces.

A subspace Y of a topological space Z is a deformation retract of Z if there exists a map H : Zx[0,1] — Z
such that H(z,0) = z for each z € Z, H(Z x {1}) =Y and H(y,1) =y for each y € Y. A topological space
Z is contractible if there exists z € Z in such a way that {z} is a deformation retract of Z.

Denote by exp : R — S! the map defined by exp(t) = (cos(2nt),sin(27t)). A connected topological space
Z has property (b) provided that for each map f from Z into the unit circumference in the Euclidean plane
S1 there exists a map h : Z — R (called lift of f) such that f = expoh. Observe that to have property
(b) is a topological property. Each metric space having property (b) is unicoherent (see [14, Theorem 7.3,
p. 227]). The known results related to property (b) which will be used frequently are presented below.

Proposition 2.1. [1, Proposition 8, p. 2001] Let Z be a connected topological space and let W and Y be
non-empty connected closed subsets of Z such that Z =W UY. If W and Y have property (b) and WNY
is connected, then Z has property (b).

Proposition 2.2. [1, Proposition 9, p. 2001] Let Z be a connected topological space and let Y be a deformation
retract of Z. Then Z has property (b) if and only if Y has property (b).

Proposition 2.3. [1, Proposition 6, p. 2001] If Z is a connected topological space and f,g: Z — R are maps
such that expof = expog and f(z) = g(z) for some z € Z, then f = g.

Lemma 2.4. Let Z and Y be connected metric spaces having property (b), let A be a connected subset of Y
andlet fy :Y — S, fz:Z — SY and g: A — Z be maps. If hy : Z — R is a lift of fz and fy|a = fz0g,
then there exists a lift hy : Y — R of fy such that hy|la = hzog.

Proof. Fix a € A and set t = (hyz o g)(a). Since Y has property (b) and exp(t) = expo(hz o g)(a) =
(fzo9)(a) = fy|a(a) = fy(a), there exists a lift of fy hy : Y — R satisfying that hy(a) = t. Now, from
the fact expo(hy|a) = fy|a = fz 0 g = expohz o g and Proposition 2.3, it follows that hy|4s = hzog. O
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Let X and Y be continua. A map g : X — Y is said to be monotone provided that g=!(y) is connected
for each y € Y.

Theorem 2.5. Monotone images of continua having property (b) have property (b).

Proof. Let X be a continuum such that there exist a continuum P having property (b) and a monotone
surjective map ¢ : P — X. In order to prove that X has property (b), let f: X — S* be a map.

Since P has property (b), there exists a lift ¢ : P — R of f oq. Define h : X — R by h(z) = g(y)
whenever x € X, y € Y and ¢(y) = x. We will prove that h is a lift of f.

Let z € X. Since ¢~ !(z) is connected and f o q = expog, g(¢~*()) is a connected subset of R contained
in exp~!(f(z)). Thus, g(¢~!(x)) is a singleton. This proves that h is well defined.

To show the continuity of h, let {x,}32; be a sequence in X and let x € X be such that limz,, = x.
For each n € N, take y,, € ¢~ !(x,,). Since P is compact, we may assume that there exists y € P such that
limy, = y. Then, limg(y,) = ¢g(y) and lim¢(y,) = ¢(y). Thus, ¢(y) = = and so, lim h(z,) = h(z). Hence,
h is a map.

Finally, for each z € X, we can choose y € ¢~ *(z) to conclude that f(z) = (f o q)(y) = (expog)(y) =
(exp oh)(z). This implies that A is a lift of f.

Therefore, X has property (b). O

Given a continuum X, F1(X) denotes the hyperspace of all singletons of X, thisis F1(X) = {{z} : 2 € X }.
Note that F;(X) is a closed subset of C'(X).
A Whitney map for C(X) is a map p : C(X) — [0, 1] such that:

. u({z}) =0 for each z € X,
. u(A) < u(B) whenever A C B and A # B,
(X)=1.

W N =
=

Whitney maps always exist for every continuum (see [12, Theorem 13.4, p. 107]). Throughout this paper, p
will denote a Whitney map for C(X).

Let X be a continuum. An order arc in C(X) is an arc o in C(X) such that if A, B € «, then either
AC Bor BC A.If ais an order arc in C'(X), then « is said to be an order arc from (|« to |J a. Order arcs
« are homeomorphic to [0,1] (see [12, Lemma 14.2, p. 111]) and the homeomorphism g, : [0,1] — C(X)
can be chosen in such a way p(84(t)) = (1 — t)u(Na) + tu(J a).

3. Continua having property (b)

The main result of this section (Theorem 3.4) characterizes all subcontinua of X that make a hole in
C(X) when X has property (b). Such partial solution to Problem is the aim of the current paper. In the
following section, Theorem 3.4 is applied to solve Problem in some interesting subclasses of continua having
property (b).

For sake of simplicity, throughout this section X will denote a continuum having property (b).

Theorem 3.1. Let 7 be a subset of C(X). If F1(X) C 5 and C(A) C S for each A € 5, then H has
property (b).

Proof. Let f : # — S! be a map. Since F;(X) is homeomorphic to X, F;(X) has property (b). Let
hi : F1(X) — R be a map such that f|p x) = expohi. On the other hand, for each A € 7, C(A) has
property (b) (see [I, Lemma 13, p. 2004]) and so f|c(a) has a lift. Now, let in : F;(A) — C(A) be the
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inclusion map. Then (f|c(a))lr 4) = flF (x) © in. Applying Lemma 2.4, there exists a lift hy : C(A) — R
of flc(a) such halp, 4y = hyoin. Define h : 7 — R by h(A) = ha(A). We will prove that h is continuous.

Let {A,}.en be a sequence converging to Ag in J#. Fix a sequence of points {a, }nen in X converging
to ag € X such that a,, € A, for each n € NU{0} and a sequence of order arcs {ay, }nen in C(X) such that
Nan = {a,} and |Ja,, = A, for each n € N. By the compactness of C(X), we may assume that {a, }nen
converges to an order arc ag from {ap} to A¢ in C(X).

Next, set W = {a, : n € NU{0}} and denote by Y the subspace (X x {0}) U (W x [0,1]) of X x [0,1].
Define H : Y x [0,1] = Y by H((z,0),t) = (x,(1 — t)l) to get a map satisfying that H((x,),0) = (z,)
for each (z,l) € Y, H(Y x {1}) = X x {0} and H((z,0),1) = (z,0) for each x € X. Thus, X x {0} is a
deformation retract of Y. Since X is homeomorphic to X x {0}, we conclude that X x {0} has property (b)
and so, by Proposition 2.2, Y has property (b). Now, define the map 7 : Y — JZ by

B {x}, if =0,
m((z,1)) = { Ba, (1), if 1>0and z = a,.

From the choice of o, and f3,, , it follows that 7 is a map. Therefore, the map fonm : Y — S! has a lift.
On the other hand, X x {0} is a connected closed subset of Y such that 7(X x {0}) = F;(X). Since hy is
a lift of f|p (x) and (f o 7)|x 0} = flr(x) © (T|xx{0}), Lemma 2.4 is applied to obtain that there exists
a lift of fom hy : Y — R such that hy|x0}((7,0)) = h1 o T|x x {0} ((x,0)) for all z € X.

Let n € N U {0}. We will show that hy ((an,1)) = h(A,). To this end, observe that

exp o(hy|{a,}x[0,1]) = (€xpohy)|a,1x[0.1]
= (fom)l{anyx[0.1]
= flean) © Tl{anyx(0.1]
= (expoha,) © 7[(a,1x0,1]
= expo((ha, ©m)|{a,}x[0,1])

and

(ha, ©7[{a,yx[0,1)((an,0)) = ha,(T|{a,}x[0,1]((an,0)))
= ha,({an})
= hi1({an})
= hy o 7((a,0))

= hy((a, 0))

By Proposition 2.3, we infer that hy |4, 3x[0,1] = (P, ©7)|{a,1x[0,1]- Thus,

hY((am 1)) = (ha, o 7r|{an,}><[0,1])((an7 1))
= ha, (7l{a,1x0,1)((@n; 1))
= ha, (Ba, (1))
= hA,1 (An)

Finally, lim h(A,) = lim hy ((an, 1)) = hy ((ag, 1)) = h(Ayp).
Therefore, h is a map satisfying f = expoh. O

The results below are immediate consequences of the last theorem.
Corollary 3.2. Let A € C(X) — F1(X). Then u=1([0, n(A)]) — {A} has property (b).

Corollary 3.3. The element X does not make a hole in C(X).
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Note that a consequence of [1, Theorem 3, p. 2001] and Corollary 3.3 is that if either A € Fy(X) or
A = X, then A does not a make a hole in C(X). So, to solve Problem, it suffices to characterize all non-
degenerate proper subcontinua that make a hole in C'(X). The non-degenerate proper subcontinua are called
non-trivial.

The next result gives the partial solution to Problem when X has property (b) by showing that the
unicoherence of the space obtained from C'(X) by removing one of its points A can be established either by
the connectedness of the space obtained from a Whitney level containing A by removing A, or by certain
topological behaviour of the space X — A.

Given a non-trivial subcontinuum A of X, the symbol X — A = U||V means that U and V' are non-empty
disjoint open subsets of X such that X — A = U UV and each B € pu~!(u(A)) satisfies either B C U U A
or BCVUA.

Theorem 3.4. Let A be a non-trivial subcontinuum of X. Then the following statements are equivalent.

(1) A makes a hole in C(X).
2) X —A=U|V.
(3) u=t(u(A)) — {A} is not connected.

Proof. The equivalence between (2) and (3) is proved in [11, Theorem 2.1, p. 210]. Let us prove that (1)
and (3) are equivalent.

Now, set t = u(A), W = u=1([0,t])—{A} and Y = p~1([t,1])—{A}. Observe that W and Y are connected
closed subsets of C(X) — {A}, C(X) —{A} = WUY and WNY = u~1(t) — {A}. By Corollary 3.2, W has
property (b). Since Y satisfies the conditions of [1, Lemma 13, p. 2004], Y has property (b).

Next, assume that A makes a hole in C(X). By Proposition 2.1, if WNY = pu~1(¢) — {A} were connected,
then C(X) — {A} = W UY would have property (b) and so C(X) — {A} would be unicoherent. Hence,
p~t(t) — {A} is not connected. This proves that (1) implies (3).

Finally, if 4~*(¢) — { A} is not connected, then C(X)—{A} is the union of the connected closed subsets W
and Y of C(X)—{A} whose intersection is not connected. This implies that C'(X)—{ A} is not unicoherent.
In conclusion, A makes a hole in C(X). Thus, (1) is implied by (3). O

The condition X — A = U||V implies that X — A must not be connected. So, the next result follows
from Theorem 3.4. This condition becomes a first criterion to determine if a subcontinuum makes a hole in
C(X).

Corollary 3.5. Let A be a non-trivial subcontinuum of X. If A makes a hole in C(X), then X — A is not
connected.

Theorem 5.1 shows a class of continua for which the converse of last corollary is true.

A continuum is said to be decomposable provided that it can be written as the union of two proper
subcontinua. A continuum which is not decomposable is said to be indecomposable.

The proof of the next result follows from Corollary 3.5 and the fact that if X is indecomposable, then
X — A is connected for all non-trivial subcontinuum A of X.

Theorem 3.6. If X is an indecomposable continuum having property (b), then A does not make a hole in
C(X) for any A € C(X).

The next example proves that the converse of last result does not hold.
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Example 3.7. Let X be the Cantor fan. Then X is decomposable and since X is contractible, by Proposi-
tion 2.2, we have that X has property (b). Now, by [4, Theorem 3.8, p. 136] and the fact that the interior
of each arc contained in X is empty, if A € C(X), then A does not make a hole in C(X).

4. Arcwise connected continua

A continuum X is said to be arcwise connected provided that any two points of X can be joined by an
arc in X. Applying Theorem 3.4 in the class of arcwise connected continuum having property (b), it can be
proved that each subcontinuum that makes a hole in C(X) must be an arc having additionally properties.

In this section, X will denote an arcwise connected continuum having property (b) and A will be a
non-trivial element of C'(X). Recall that a point z € X is an end point of X if L — {z} is connected for any
arc L in X containing it. The symbol F(X) will denote the set of all end points of X.

Lemma 4.1. If X — A =U||V and h : [0,1] = X is an one-to-one map such that h(0) € U and h(1) € V,
then there exist s,r € (0,1) satisfying that A = h([s,r]), h([0,s)) C U and h((r,1]) C V.

Proof. Set r = inf h=1(V). Since V is an open subset of X, r € [0,1] — h~1(V). Now, our assumption
X =UUAUV and h(r) € X —V imply that h(r) € AUU. If r were an element of the open subset h~*(U)
of [0,1], then the set h=1(U) N h=1(V) would be non-empty, a contradiction to the fact that U NV = (.
Thus, h(r) € A.

Next, define S = {t € [0,7] : h([t,7]) C A} and set s = inf S. Then, h([s,r]) € A and 0 < s < r. Now,
suppose that h([s,r]) € A. Fix p € (r,1] such that u(h([s,p])) < u(A). Let a be an order arc in C(X) such
that (Ja = h([0,p]) and |Ja = X. Define g : [0,1] — C(X) by

h([s — z,p]) it z€]0,s],
9() = {Ba((x — )1 —s)"Y) if z€s1]
to get a map satisfying that g(0) = h([s, p]), (1) = X and g(0) C g(w) C g(1) for all w € [0,1]. Thus, there
exists y € (0,1) such that g(y) € ( (A)). Since h(p) € g(0) C g(y) and h(p) € V C X \ A, we have that
g(y) # A. Let us prove that g(y ) U # 0 and g(y) NV # 0. First, from fact that p > r, it follows that
h((r,p)) NV # (. Hence, h([s,p]) NV # 0. This and the inclusion h([s,p]) C g(y) imply that g(y) NV # 0.
Next, since y > 0, there exists [ € [0, s) such that h([l,p]) C g(y). By the choice of s, h([l,s)) N (X — A) # 0.
From this and the fact that X — A = U UV, it follows that (h([l,s))NU)U(h([l,s)NV)) # (. The inequality
s < r and the choice of r guarantee that h([l,s)) NV = 0. Thus, h([l,s)) NU # 0, and so g(y) N U # 0.
Hence, g(y) NU # ( and g(y) NV # 0. This contradicts the assumption X — A = U||V. In conclusion,
h([s,r]) = A.

To complete this proof, notice that h([0, s)), h((r,1]) are connected subsets of X — A such that h([0,s))N

U # 0 and h((r,1]) NV # 0. Then h([0,s)) C U and h((r,1]) CV. O

A point b € A is called arcwise accessible from X — A provided that there exists an arc in (X — A) U {b}
having b as an end point. The set of all arcwise accessible points from X — A is denoted by P(A).

Theorem 4.2. If A makes a hole in C(X), then A is an arc and P(A) = E(A).

Proof. From Theorem 3.4, it follows that X —A = U||V. Fixxz € U and y € V. Since X is arcwise connected,
there exists an one-to-one map h : [0,1] — X such that h(0) = x and h(1) = y. By Lemma 4.1, there exist
s,7 € (0,1) such that A = h([s,r]), h([0,s)) C U and h((r,1]) C V. Hence, A is an arc whose end points are
h(s) and h(r). Moreover, h(s) is an end point of the arc h([0,s]) C (X — A) U {h(s)} and the arc h([r, 1])
has h(r) as end point and is a subset of (X — A) U {h(r)}. This proves that E(A) C P(A).
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Fig. 1. Continuum Y.

Now, let z € P(A). Then there exists an arc I in (X — A) U {z} having z as end point. Since I — {z}
is connected subset of X — A, either I — {2} C U or I — {z} C V. Suppose that I — {z} C U. Let
w € E(I) — {2z} and v € V. Then there exists an one-to-one map ¢ : [0,1] — X such that g(0) = w,
g(1) = v and I C g([0,1]). Apply Lemma 4.1 to get p,q € (0,1) such that A = g([p,q]), 9([0,p)) € U and
9((g,1]) C V. Note that I — {z} C g([0,p)) and z € g([p, q]). Then z = ¢g(p) and this implies that z € E(A).
Therefore, P(A) = E(A). O

The conclusion in Theorem 4.2 does not hold without the hypothesis of arcwise connectedness on X. We
shall illustrate it with the next example.

Example 4.3. There exist a continuum Y and 7' € C(Y') such that 7" makes a hole in C(Y") and T is not an
arc.

Let Y = Ry UT U Ry be the simplest compactification of two half-lines Ry and Ry with a simple triod T’
as remainder (see Fig. 1).

Then, Y is not arcwise connected. We will see that Y has property (b).

Note that, for each i € {1,2}, R; UT is a monotone image of the continuum P = {x : x| < 1} U {(t +
2)(t+1)"te' : t € [0,00)} contained in the complex plane obtained from the union of the unit complex disk
and a spiral approaching to the unit complex circle. By [9, Example 12 and Theorem 54, pp. 61 and 68], P
has property (b). Applying Theorem 2.5, we conclude that Ry UT and Ry U T have property (b). Finally,
invoke Proposition 2.1 to conclude that Y has property (b).

Now, let us prove that 7" makes a hole in C(Y). Observe that R; and Ry are non-empty disjoint open
subsets of Y such that Y —T = R; UR; and if B € C(Y) satisfying that BN Ry # 0 and BN RaN # 0, then
T C B and this implies that u(T) < u(B). Thus, Y — T = R;||Ra. Therefore, by Theorem 3.4, T' makes
hole in C(Y').

If Aisan arc and a € E(A), define L(a) as follows: € L(a) if and only if x € X — A and for all arc [
contained in X such that E(I) = {a,x}, the inclusion A C I holds.

Theorem 4.4. If A makes a hole in C(X), then L(a) is a non-empty open subset of X for each a € E(A).

Proof. Set a € E(A). Now, by Theorem 3.4, X — A = UJ|V. Let us prove that either L(a) = U or
L(a) =V.
First, let z € U and y € V. Choose an one-to-one map h : [0,1] — X such that h(0) = z an

d h(l) =y.
Apply Lemma 4.1 to get s,r € (0,1) satisfying that A = h([s,r]), h(]0,s)) C U and h((r,1]) C V.

Since
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a € E(A), either h(s) = a or h(r) = a. Suppose that h(r) = a. Under this assumption, the inclusion
x € L(a) will be proved. Let I be an arc such that E(I) = {z,a}. Let g : [0,1] — X be an one-to-
one map such that ¢g(0) = =z, g(y) = 1 and I U h([r,1]) = ¢([0,1]). Lemma 4.1 ensures that there exists
p:q € (0,1) such that A = g([p,q]), ¢([0,p)) € U and g((¢,1]) € V. Thus, a = g(g). Then g([0,q]) = I
and A C I. In conclusion, = € L(a). Moreover, U C L(a). Observe that the inclusion ¢((g, 1]) C V implies
that V-1 L(a) = 0. Hence L(a) C U. Therefore, L(a) = U, and so L(a) is a non-empty open subset
of X. O

An arc A is called simple arc if P(A) = E(A) = {a,b} and L(a), L(b) are non-empty disjoint open subsets
of X such that X — A= L(a) U L(b).
The result below is immediate consequence of Theorems 4.2 and 4.4.

Theorem 4.5. If A makes a hole in C(X), then A is a simple arc.

The next example verifies that the converse of this last result fails.
A continuum is hereditarily indecomposable if each one of its subcontinua is indecomposable. Note that
every hereditarily indecomposable continuum contains no arc.

Example 4.6. There exists an arcwise connected continuum X containing a simple arc A such that A does
not make a hole in C(X).

Let TC(P) be the topological cone over a hereditarily indecomposable continuum P (see [13, 3.15,
p. 41]), let 7 : P x [0,1] — TC(P) be the natural map and fix p € P. Denote by X the subspace
7({(z,t) :x € P, 271 <t <1} U{(p,t) : 0 <t < 271}) of TC(P). Note that the continuum X is
contractible. Hence, we infer that X is arcwise connected and, using Proposition 2.2, X has property (b).

Now, A = m({(p,t) : 371 <t <2(371)}) is an arc with end points a = 7((p,37 1)) and b = 7((p,2(3)71)).
Since P contains no arc, X is uniquely arcwise connected. Then, P(A) = E(A), L(b) = 7({(p,t) : 0 <t <
371}) and L(a) = X — 7({(p,t) : 0 < ¢t < 2(371)}). Thus, L(a) and L(b) are non-empty connected open
subsets of X such that X — A = L(a) U L(b). Therefore, A is a simple arc.

We will use Theorem 3.4 to prove that A does not make a hole in C'(X). Let U and V be non-empty open
subsets of X such that X —A = UUV. By the connectedness of L(a) and of L(b), we have either U = L(a) and
V = L(b) or U = L(b) and V = L(a). Let us show that there exists B € u~1(u(A)) such that BNU # () and
BNV # ) to conclude that X — A # U||V. Let « be an order arc in C(X) such that (o = {7 ((p,27 1))} and
Ua =r({(z,2") : 2 € P}). Define g : [0,1] = C(X) by g(t) = n({p} x [(1 ~ )(371), (1+5)(2)]) U fu(?)
to get a map satisfying that g(0) = 7=({p} x [371,27Y]), g(1) = 7({p} x [0,1]) U n({(x,27 1) : = € P}),
g9(0) € A C g(1) and g(0) € g(w) € g(1) for all w € (0,1). By the continuity of o g, there exists s € (0, 1)
such that g(s) € p=1(u(A)). Thus, g(s) € C(X) is such that u(g(s)) = p(A), g(s)NU # B and g(s)NV # (.
Therefore, X — A # U||V. By Theorem 3.4, A does not make a hole in C(X).

Naturally, one can ask if each simple arc makes a hole in the hyperspace of subcontinua of a hereditarily
arcwise connected continuum. In the next subsection, we show that this statement is true for dendroids.

4.1. Dendroids

A dendroid is an arcwise connected, hereditarily unicoherent continuum (hereditarily unicoherent means
that each subcontinuum is unicoherent). Dendroids have property (b) (see [13, 12.69, p. 271]). So, Theo-
rem 4.5 can be applied to classify all subcontinua making a hole in C(X) when X is a dendroid.

Theorem 4.7. Let X be a dendroid and let A € C(X). The subcontinuum A makes a hole in C(X) if and
only if A is a simple arc.
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Proof. First, assume that A is an simple arc. Let a and b be the end points of A. In light of Theorem 3.4, it
suffices to prove that X — A = L(a)||L(b). From our assumption, L(a) and L(b) are non-empty disjoint open
subset of X such that X — A = L(a)UL(b). Now, let B € = (u(A)). Suppose that there exist € BN L(a)
and y € BN L(b). Let J and K be the unique arcs in X such that E(J) = {a,2} and E(K) = {b,y}. Thus,
ACJ,AC K and E(J)NE(K) = (). Then, JUK must be the unique arc in X such that F(JUK) = {z,y}.
Set I = JUK. Since X is hereditarily unicoherent, I N B is a subcontinuum of X contained in I containing x
and y. Hence, IN B = I. This implies that I C B and so, A is a proper subset of B. Therefore u(A) < p(B),
a contradiction. In conclusion, either B C AU L(a) or B C AU L(b).
The necessity follows from Theorem 4.5. O

5. Chainable continua

In this section, exploring for which class of continua the converse of Corollary 3.5 is true, we show that
it holds for chainable continua while it does not for irreducible continua.

A chain in a continuum X is a non-empty, finite, indexed collection ¢ = {U;, Us, ..., U, } of open subsets of
X such that U;NU; # 0 if and only if |i—j| < 1.If ¢ is a chain in X such that max{diam(U;) : 1 <i <n} <e,
then ¥ is called e-chain in X. A continuum X is chainable provided that there is an e-chain in X covering
X for each £ > 0. Chainable continua have property (b) (see [13, Theorem 12.11, p. 235] and [13, 11.6, p.
269]). Then, Theorem 3.4 can be used to characterize the subcontinua A of a chainable continuum X such
that makes hole in C'(X).

A continuum is said to be irreducible provided that there exist p, ¢ € X such that no proper subcontinuum
of X contains {p, q}.

We know that every chainable continuum is irreducible and, in fact, hereditarily irreducible (see [13,
Theorems 12.5 and 12.11, pp. 233 and 235]).

Theorem 5.1. Let X be a chainable continuum and let A be a non-trivial subcontinuum of X. Then A makes
a hole in C(X) if and only if X — A is not connected.

Proof. The necessity follows from Corollary 3.5. It only remains to prove the sufficiency.

Our assumption on X implies that X is irreducible and so there exist p,q € X such that no proper
subcontinuum of X contains {p, ¢}. Since X — A is not connected, by [13, Theorem 11.7, p. 199] there exist
components C' and D of X — A, each one of them is open in X, one containing p and the other containing
g, and X — A = CUD. We will prove that X — A = C||D. To this end, let B € C(X) be such that
BNC # 0 and BN D # () and let a € A. We shall prove that a is an element of the closure of B. Let
e>0.Fixx € BNC and y € BN D, and choose ¢ > 0 satisfying that 6 < &, § < min{d(z,b) : b € AU D},
0 <min{d(y,b) : b€ AUCY, 36 < d(z,y) and 36 < sup{d(b,d) : b, d € A}.

Let € = {U1,U>,...,U,} be a d-chain in X covering X. Let j,k € {1,...,n} be such that 2 € U; and
y € Uy. The condition § < d(z,y) and the fact that € is a chain together imply that |j — k| > 1. We may
assume that j < k.

Now, from the inequality ¢ < min{d(z,b) : b € AU D}, it follows that U; N (AU D) = (). Then AU D is
contained in the union of the disjoint non-empty open subsets UZ;11 U; and U?=j+2 U;. By [13, Corollary 5.9,
p. 75], AUD is connected. So, since j < k, we conclude that AUD C UJ;_;,, U; and (AUD) ﬂUZ:—ll U;=0.
Similar arguments prove that (AUC) N, , Ui = 0.

Set ¢ =min{i € {1,...,n} : U;N(AUD) # 0} and k = max{i € {1,...,n} : U;N(AUC) # 0}. Observe
that j < ¢ and k < k. Let ¢,e € A be such that 30 < d(c,e) and choose I,m € {1,...,n} in such a way
c € U; and e € U,,. Since % is a chain, the inequality |l — m| > 1 holds. For the choice of { and &, we have
that ¢ < min{l,m} < max{l,m} < k. So, j <( <k < k.
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Fig. 2. Continuum X.

Finally, let » € {1,...,n} be such that a € U,. Since a € AUD and a € AUC, ¢ < r < k. Hence,
Jj < r < k. Apply [13, Lemma 12.12, p. 237] to get that U. N B # §. The condition § < ¢ guarantees that
U, C B(e, a). Therefore, B(e,a) N B # (. Thus, a is an element of closure of B, and so A C B.

In conclusion, if B € u~1(u(A)), then either B C AUC or B C AU D. This proves that X — A = C||D.
Therefore, in light of Theorem 3.4, A makes a hole in C(X). O

Now, the next example shows that the assumption chainable in Theorem 5.1 can not be weakened by
exhibiting an irreducible continuum X having an arc A such that X — A is not connected and A does not
make a hole in C(X).

Example 5.2. In the Euclidean plane, let X be the continuum consisting of a triod 1" given by the arc
[-1,0] x {0} and the arc {0} x [~1,1] together with a half-line {(x,sin(z~!)) : 0 < 2 < 1}. Let A be an arc
given by {0} x [-271,271]. See Fig. 2.

Observe that X is an irreducible continuum and using Proposition 2.1, we have that X has property
(b). Now, if U and V are disjoint open subsets such that X — A = U UV, then either U = [-1,0) x {0}
and V = X — (AU ([-1,0) x {0})) or V = [-1,0) x {0} and U = X — (AU ([-1,0) x {0})) (see [13,
Theorem 11.7, p. 199]). In order to prove that there exists B € pu~'(u(A)) such that BN U # () and
BNV #0,set L ={0} x[0,27]. Define g : [0,1] — C(X) by g(t) = ([~t,0] x {0}) U ({0} x [, (1 +¢)271))
to get a map satisfying that g(0) = L, g(1) =T, ¢(0) € A C ¢(1) and g(0) € g(¢t) € g(1) for each t € (0,1).
By the continuity of u o g, there exists s € (0,1) such that g(s) € p='(u(A)). Thus, g(s) € C(X) is such
that u(g(s)) = u(A), g(s)NU # 0 and g(s) NV # 0. Apply Theorem 3.4 to conclude that A does not make
in hole a C'(X).

The proof of the result below is a consequence of the Theorem 3.4 and [13, Theorem 11.6, p. 199].

Corollary 5.3. Let X be an irreducible continuum having property (b). If A makes a hole in C(X), then
Anirr(X) = 0.
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